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Abstract
Continuum robots oﬀer compliant and dexterous operations, which are suitable to be used in unstructured environments.
Tendon-driven catheters, owing to their continuum structure, are applied in minimal invasive surgeries such as intracardiac interventions. However, due to the intrinsic nonlinearities and external disturbances, it is still a challenging
task to accurately steer the catheter tip to the desired 3D positions. In this paper, we proposed a new probabilistic
kinematic model and a model-based three-dimensional position control scheme for a tendon-driven cardiac catheter. A
dynamic Gaussian-based probabilistic model is developed to learn a mapping from the catheter states to the control
actions. Based on the probabilistic model, a closed-loop position control is developed, in which the catheter is driven by
a new designed catheter driver system and tracked by a multiple near-infrared cameras system. The proposed catheter
framework is evaluated by the 3D trajectory tracking experiments both in a real 3D open space and in a minimum-energy
based simulator. The proposed control framework approximates the general kinematic by a combination of a catheter
translation model and a distal workspace model, which provide the ability of automatically positioning the catheter tip
in 3D and improving the accuracy by compensating the learned nonlinear eﬀects.
Keywords: robotic catheter, probabilistic model, optical tracking, position control, surgical robot
1. Introduction
A cardiac catheter is a continuum steerable tube which
is used in cardiac cauterization, an eﬀective minimal invasive cardiac treatment. Conventionally, the catheter is
operated by surgeons and monitored from ﬂuoroscopic images. Due to the complexity of the environment, it is difﬁcult to accurately position the catheter’s tip even for an
experienced surgeon. Moreover, the long time and frequent
operations increases the radiation risk for the surgeons.
Currently, there are several commercial robotic catheter
systems available to assist the cardiac cauterization procedure, e.g. Sensei (Hansen Medical,Inc), Amigo (Catheter
robotics,Inc) and CorPath (Corindus,Inc). All these systems provide a tele-operation workstation that allow the
operators to remotely navigate and control the catheters.
Nonetheless, the remote manual catheter control still requires signiﬁcant surgical skills. For achieving accurate
and automatic catheter tip positioning, a precise model
is required which has been investigated by a number of
research groups that are either focusing on the cardiac
catheters or in a more general context of continuum robot.
Continuum robots do not contain rigid links, instead
the structures bend continuously and smoothly along their
length in their steerable section. Due to the non-linear
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property of elastomeric materials and the characteristics
of the actuation system, precise kinematic modelling of
the continuum robot is still a challenging task. In the past
several years, various static and dynamic kinematic models were developed, a considerable part of which are based
on the Piecewise Constant Curvature (PCC) assumption.
This method assumes that the continuum robot is composed by multiple constant curvature sections and, as a result, its model can be ultimately decomposed into a robot
speciﬁc and a robot independent mapping, which, for instance, is surveyed in great detail in [1] [2]. Although the
PCC assumption is widely used, it often oversimpliﬁes the
internal dynamics and external disturbances, and thus it
might introduce inaccuracies into the later kinematic control.
Besides the PCC assumption, other model-based approaches have also been developed to address the real dynamic eﬀects, aiming at modelling the non-constant curvature of continuum robots. The Cosserat rod method[3][4]
describes a kinematic model very precisely, but there is
no close-form solution for a tendon-driven catheter yet
since the initial boundary values of its nonlinear diﬀerential equation need to be solved numerically. Kang et
al.[5] uses a spring-mass method, which divides a continuum arm into multiple segments. Each segment consists
of longitudinal ‘muscles’ and other components considered
as a mass-spring-damper system. However, this model becomes computationally-expensive when robot length increases.
Comparing to the other continuum robots which usually are mounted on a ﬁxed base, a cardiac catheter needs

of Gaussian component densities, which are widely used
in modeling complex and multi-variable data [14]. In case
of the catheter modelling problem, a dynamic Gaussian
mixture model (DGMM) is used to represent the catheter
kinematic model, in which the number of Gaussian components can vary to enable the model to optimally ﬁt the
system.
The DGMM represents a probability density function
P (x) as a variable-sized set of weighted Gaussian pairs
(Eq. 1).
m
�
p(x) =
ω̂i g(x|µi , Σi ),
(1)

to be inserted through the aorta to the heart chambers
plus the catheter tip is required to locate 3D target positions. As a result, the translational movement should be
included in the kinematic model as well. However, due to
the catheter intrinsic nonlinearity, compliant construction
and even the interaction of the catheter with the environment, there are very few groups which investigate the
catheter 3D positioning. Loschak et al.[6] proposed a control approach which enables autonomously positioning of
a Intracardiac echocardiography (ICE) catheter in a 3D
open space. However, the approach applied a classic kinematic model based on several assumptions which neglect
the intrinsic nonlinearities and compliances. Since the cardiac catheter usually is only steerable in the distal section,
it also has been considered as a semi-rigid link: Back et
al.[7] proposes a model-free control approach which enables
the catheter tip to follow a target circle with a selected 3
mm error margin. Tran et al.[8] uses a minimum energy
model to estimate appropriate steering actions to move
the catheter tip to a desired pose. Whilst the catheter is
modelled by using Finite Element Method (FEM), which
is a computationally consuming approach, the proposed
real-time position control is validated in a 2D aorta phantom. The above mentioned methods have not modelled
the external disturbances yet, such as gravity and external interaction, which are recently considered in machine
learning approaches.
Neural networks (NNs) were initially used in continuum
robot control by Braganza et al.[9] to compensate the uncertain non-linear errors and recently used to model the
kinematics by Giorelli et al.[10] and Runge et al. [11].
The probabilistic based approaches are also used in inverse kinematics modelling and control by Xu et al.[12],
Lee et al.[13]. But these approaches focus on continuum
robots either mounted on a ﬁxed base or in which the linear motion (translation) is not taken into account, as in
[12].
In this paper, we investigate a probabilistic approach
to model the catheter steering including the translational
movement. Based on the model, we further proposed a
catheter tip position control framework. The rest of the
paper is organized as follows: In Section 2, the dynamic
Gaussian mixture model-based modelling approach is presented, Section 3 describes a novel catheter driver hardware design and an optical tracking system that is used to
perceive the catheter shape. In Section 4, the data-based
catheter kinematics and the position control scheme are
proposed and the control performance is evaluated in a
real experimental setup. Finally, the paper is concluded
in Section 5.

i=1

where g(x|µi , Σi ) are the component Gaussian densities,
m is the number of Gaussian components which is varying in the training phase and each Gaussian function is
represented by

1
exp− (x − µi )T Σ−1
i (x − µi ),
2
(2π) |Σi |
(2)
with mean vector µi and covariance matrix Σi . ω̂i is the
weight of each component Gaussian
g(x|µi , Σi ) =

1

N
2

1
2

ω̂i = ωi /Σm
k=1 .

(3)

The quantity x is the observation vector. In case of
catheter kinematic model, the vector x is made up of vec� , S�t , δl , δd ], where S�t and St+1
� indicate the curtors [St+1
rent catheter state and next state after actions, δl is the
insert action provided from the linear driver and δd represent the displacement of the catheter handle which pulled
by the pitch driver (see Fig. 6). As a result, the catheter
kinematic model is represented by the joint probability
density function:
� , S�t , δl , δd ].
P [St+1

(4)

In order to characterize the catheter current state, S�t is
given by
 
αt
 φt 

S�t = 
(5)
 rt 
dt

As Figure 1 shows, αt is the current catheter shape which is
represented by the parameters of a ﬁtted B-spline, φt is the
pitch angle of the catheter distal section, rt is the rotation
angle from initial angle and dt is the pulled displacement
of the catheter handle.
Expanding Eq.4 with Eq.5, the catheter kinematic
model can be written as:

2. Modelling Method

P [αt+1 , φt+1 , rt+1 , dt+1 , αt , φt , rt , dt , δl , δd ].

2.1. Introduction to Dynamic Gaussian Mixture Model
(DGMM)
A Gaussian Mixture Model (GMM) is a parametric
probability density function represented as a weighted sum

(6)

2.2. Online update method
In this section, we describe the method used for updating the DGMM kinematic model by the sensory data.
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The conditional mean for Gaussian gi is a linear function
given by
YZ
ZZ −1
(z − µZ
mi (z) = Ei [Y |Z = z] = µZ
i + Σi (Σi )
i ), (9)

and the conditional variance is given by
−1 ZY
Σi .
δi2 = V ari [Y |Z = z] = ΣYi Y − ΣYi Z (ΣZZ
i )

(10)

Now the conditional mean of E[Y |Z = z] can be calculated
by using
E[Y |Z = z] =

Figure 1: An illustration of the coordinate frame of the catheter distal section and the features used to characterize the catheter current
state.

where
πi (z) =

(πi (z)mi (z)),

(11)

i=1

ωi N (z; µi , Σi )
m
Σk=1 ωk N (z; µk , Σk )

(12)

3. Hardware design and experimental setup

Since the catheter is tracked by a multiple near-infrared
camera system at high frequency (500Hz), it is necessary
to assess each new observation data before it assimilated
into the existing model. Therefore, an online update approach is used which is depicted in Algorithm 1.

3.1. A novel catheter driver system
A catheter driver system is developed in this study
(Fig.2), which is composed by a linear stage (PI linear
stage M-403.8DG; travel range: 200 mm, resolution: 0.018
µm), a pitch driver (0.5 mm/step in catheter handle), a
roll driver (range: 360 degree, resolution: 0.0349 rad), a
micro-controller (Arduino Nano V3.0 with an ATMEGA
328P). In order to grip the catheter and protect it during operation, a “Kellems Grip”[15] is used, which evenly
distributes the grip force on the catheter body by using a
ﬂexible textile sleeve.

Data: a single observation vector �x.
Result: online update the catheter kinematic model
with each new observation vector.
Function: DGM M Online Kmeans(x, δ 2 , Lr , Nk ) :
initial covariance magnitude δ 2 ;
learning rate Lr ;
number of kmeans cluster Nk ;
if number of x < Nk then
add �x into DGMM as a new gaussian;
else
select the gaussian Gi from DGMM with a
minimum RMSE to �x ;
update a new mean of the gaussian Gi with �x
mean(Gi )new = mean(Gi ) + Lr ∗ (mean(Gi ) − �x).
end
Algorithm 1: Catheter kinematic model update.

3.2. Optical tracking of an ablation catheter
A commercial tendon-driven ablation catheter from EndoSense SA is used which consists of a plastic handle
that can be operated in translation and rotation. The
catheter distal section (see Fig.3) is driven by a pull wire
that connects the catheter handle to a point at the distal
tip. Through the translational operation of the handle,
the catheter distal section can be steered in a one-bending
direction.
In order to perceive the catheter shape, ﬁve Qualisys
Oqus-300 near-infrared cameras are used and mounted
around the test-bed at 1.5 meters from the catheter and six
passive reﬂective tapes (2.45 mm) are attached equally on
the catheter body from distal tip to distal bend point with
a distance 13 mm to each other. The Qualisys Oqus-300
provides 1.3 mega-pixels and 500 fps speed, which is able
to measure a dynamic passive marker in sub-millimetre
accuracy and static passive marker with a noise level less

2.3. Regression equation for DGMM estimation
For estimating the next state of the catheter, the ex� |S�t , δl , δd ] needs to be calculated. For a
pectation E[St+1
mixture of Gaussians G and, for the sake of generality, let
the mean of a Gaussian gi be given by:
µi = [µSi t1 , µSi t , µli , µdi ],

m
�

(7)
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4. Catheter kinematics and control
4.1. Strategy of forward kinematics
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Driver

MicroController

Catheter
Gripper

Roll
Driver

Linear
Driver

Ablation
Catheter

Roll of distal section. As introduced in Section 2, the
model of the catheter is represented by a joint probability density function: Eq.6, which is composed by catheter
current state, next state and the corresponding actions:
δl , δd . In this paper, the rotation of the catheter handle
(roll of distal section) is assumed to be a rigid action, the
rotational elasticity due to the catheter body is simpliﬁed.
Therefore the roll of catheter distal section is represented
by rdes = rt + δr where rdes is the desired roll angle and
δr is the roll action of the handle.

3D Aorta
Phantom

Figure 2: Catheter driver system, upper: Design of the catheter
driver which is composed by a linear driver, a pitch driver, roll driver
and a catheter gripper; lower: photo of the catheter driver with a
tendon-driven ablation catheter and a 3D printed aorta phantom.

Pitch of distal section. Regarding the pitch of tendon
driven catheters, due to the internal friction and backlash, the hysteresis eﬀects are found and investigated by
many research groups e.g.[18],[19] as well as in our previous investigation [20]. The forward kinematic of catheter
pitch derived from the learned DGMM model Eq.6 and
the regression Eq.9, which is represented by:
E[αdes , φdes |S�t , δd ]

where αdes is the desired catheter shape and the pitch
angle φdes can be calculated from the distal shape. The
pitch model can be also trained independently by repeating the pitch experiments that increase and decrease the distal pitch angle and the observation vector [αt+1 , φt+1 , dt+1 , αt , φt , dt , δd ] is updated to a DGMM
model Ppitch . After training, the catheter shape can be
estimated with given current state αt , φt , dt and action δd .
In order to evaluate the forward kinematic model of
catheter distal pitch, the distal section is steered to a fullybent state, then to fully-released state by the pitch driver
in six repeated experiments. Given pitch command δd in
1 step per action from pitch driver and last state St−1 , the
current position of the 6 passive markers is estimated by
E[Pm1∼6 |St−1 , δd ] as illustrated in Fig.4.
As can be seen from the Figure, the red dots are the
measured markers from the optical sensors and blue diamonds are the predicted markers from a trained pitch
model Ppitch . In this plot, the predicted markers after each
action and corresponding trajectories in the test match the
measured results closely. The mean Euclidean distances
and standard deviation between the measured markers
and the predicted markers in the repeated experiments
are calculated and shown in Fig.5, where M1 represents
the catheter tip and M6 is the base point. As it can be
seen, the tip point presents the largest pitch movements
and a small displacement can be found between the trajectories of bending and stretching. Since the catheter tip M 1
presents the largest movement in each step and catheter
point M 6 keeps almost static during the experiments, the
closer the markers are attached to the catheter tip, the
larger the prediction deviation. As shown in Fig.3, a benddeadzone is found in the Endosense ablation catheter, by

2.45 mm
M6

13 mm

M5

M4

M3

M2

(13)

M1

Figure 3: Distal section of a tendon-driven ablation catheter, 6 reﬂective markers are attached on the catheter body with equal distance
(approximately 13 mm) to each other.

than 0.05 mm [16]. To evaluate our optical tacking for
the attached markers, a single marker based test is conducted, which measures a 2 mm diameter static marker in
5 minutes with a sampling frequency of 185 Hz. The mean
distance error and standard deviation reaches a precision
of 0.0242±0.0159 mm.
The improvement in resolution compared to electromagnetic tracking system is signiﬁcant. For instance, the Aurora 6-Dof EM sensor theoretically can provide a position
measurement with a precision of about 0.48-0.8 mm and
0.3 degree within the ﬁeld generator’s working volume
[17], with which it is challenging to measure a catheter
tip aimed to be controlled with a position error of less
than 2 mm. Comparing to conventional stereo cameras
(e.g. clinical-used optical tracking system NDI polaris),
a setup with multiple NIR cameras solves the problem of
self-occlusion and the long wavelength enhances its tracking stability against the light refraction of the plastic organ
phantom. As a result, it is one of the optimal solutions for
tracking a soft surgical tools in open space or a plastic
phantom having as a purpose the validation of a research
application.
4

ter point P , that are calculated by using markers M 3, M 4
and M 5. The length between the marker M 1 and M 3 is
approximately 16mm and the catheter distal section is assumed on the same plane. As a result, the position of the
marker M 1 can be calculated. The mean Euclidean distances and standard deviation between the calculated M 1
and measured tip point in the same repeated experiments
are calculated and plotted in the last subplot of Fig.5. As
the ﬁgure shows, the mean distance error of the constant
curvature (CC) method is larger than the probabilistic estimation (PE). Since the M 1 in constant curvature method
is calculated from the measured points M 3, M 4 and M 5,
it presents a lower standard deviation at the beginning of
each experiment.

Figure 4: Prediction of the catheter distal shape by using a dynamic
Gaussian mixture model with measured current shape and a pitch
action.
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Comparison with other modelling methods. As previously
introduced, there are various methods for modelling steerable catheters, which trade-oﬀ model accuracy and computational expense. Considering the model accuracy, highﬁdelity approaches such as Cosserat rod method [3][4] and
minimum-energy approaches [8][21] would be candidates
to be compared with the probabilistic model presented in
this work. To the authors’ knowledge, the closest works
in position control are the one using a minimum-energy
approach [8], which requires of very expensive numerical computation for a real-time position control and the
Cosserat rod method used in [4], which requires knowledge of forces acting on the robot and relies on the target
(tissue) motion, information which is not obtainable in
the work presented here. On the other side, the popular piecewise constant curvature method [1][2] can be decomposed into a robot-speciﬁc and a robot-independent
mappings. The robot-speciﬁc mapping transforms actuator actions to conﬁguration space variables (arc curvature,
tendon length, etc) and the robot-independent mapping
brings the conﬁguration space variables into task space.
The methods for robot-speciﬁc mapping are reviewed in
section 3.2 of the work in [1] and require of precise information of the tendon lengths and the arc curvature k
(which is obtained by geometric analysis of multiple tendons). Since the steerable catheter used in this work is a
commercial single-tendon product, from which the length
of the internal tendon is diﬃcult to be precisely measured,
the conventional geometric analysis using the arc parameter k cannot be analyized for our system. For that reason,
recent research works in position control of single tendon
catheter using the constant curvature assumption ([6][22])
are approximating the catheter distal shaft by a circle
shape. The work in [22] compensates the backlash eﬀects
by using a experimentally-based method, which presents
a better performance than the ideal constant curvature.
However, despite the internal compensation of nonlinearities, the curvatures along the distal shaft are still diﬀerent,
which brings deviation in estimating the distal shape.
As can be seen from the last two subplots of Figure 5,
the result of our probabilistic model is estimated by using
the applied actions from the catheter driver (Eq.13), in
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Figure 5: Mean distances and standard deviation of the markers
estimation by using a trained DGMM distal model and a constant
curvature method.

which the catheter distal section cannot be fully stretched
to zero degree due to the internal friction. As a result,
the small-scale displacements can be found in the initial
states among the repeated experiments, which causes the
standard deviations to be larger than the other pitch actions. It is noticeable that the prediction errors are large
in between pitch actions 52 to 58, which corresponds to
the bend procedure that starts to stretch from fully-bent
state. Due to the hysteresis eﬀects of the tendon system
that can not be perfectly modelled, the error of this section is relatively large. From plot M 6, the catheter base
point presents an excellent estimation performance. Since
it keeps almost static during the experiments, this error is
mainly derived from the optical tracking system, which is
slightly larger than its noise-level.
The curvature is described by radius R and circle cen5

which the nonlinear eﬀects of the hardware have also been
modelled. Additionally, for comparison, the result of the
constant curvature is calculated by using the rest of the
measured markers. Even by doing so and using measured
and not estimated markers, the mean distances error of the
constant curvature method is still larger than our probabilistic method. Since the performance of the model based
close-loop control relies on the chosen modelling method,
and the constant curvature model presents a larger distance error already at this point, it can be argued that
there is no further need to compare the models in close
loop experiments.
To summarise, and for the sake of comparison, our datadriven (probabilistic) method (or for that matter, any
other similar approach) is a very eﬀective way to learn the
input-output behaviour of the catheter steering without
requiring a careful analysis and knowledge of the catheter
internal design and physical properties, as required with
other methods such as PCC, Cosserat rot or minimumenergy. Thus, compared to other high-ﬁdelity modelling
approaches, our approach requires less computational resources per time step, less prior knowledge, and is a generic
method that could be used for any kind of catheter.

Trajectory

Figure 6: The schematic representation of the catheter tip trajectory
with a given translational action δl .

Translational movement. Due to the compliance of the ablation catheter, the catheter main body is uncontrollable in
the task level. The global trajectory of the translational
movement is highly dependent on the environment constraints and even the gravity. Therefore, in this section
we discuss the method in local translational movement,
which predicts the local trajectory by using a pre-trained
probabilistic model. Fig.6 illustrates the trajectory of the
catheter tip with a given translational action δl . Due to
its compliance property, the trajectory of the catheter tip
is normally neither aligned with the translational action of
the linear stage nor aligned with the catheter tip. Therefore, in order to estimate the catheter tip movement from
the translational actions, the kinematic model Eq.6 needs
to be individually trained by the translational actions for
the desired tasks, e.g. navigating the catheter in a 3D
aorta phantom. After training, the catheter next tip position can be estimated with given current catheter state
and translation action: E[Ptipt+1 |St , δlt ]. Therefore, with
given n available insert actions δli , i ∈ (1, n), the corresponding available catheter tip Ptipi are estimated, which
are considered as the interpolated points of the estimated
tip trajectory:
n
�

i=0

(E[Ptipi |S�t , δli ])

Figure 7: Workspace of the catheter tip with a ﬁxed base position.
The blue points represent the reachable positions of the catheter
tip by applying pitch and roll actions, that compose a bowl shape
surface. The bottom of the bowl surface is empty, which is an uncontrollable space due to the deadzone of the catheter distal section.

is introduced, from which the inverse kinematic is derived.
In Fig.4, the result of catheter pitching in one rotation angle is displayed and the trajectory of each marker is plotted. If we rotate the trajectories about an axis, composed
by the catheter base point M 6 and catheter bend point
M 5, the point cloud which consists of the rotated markers
represent the workspace of these markers by pitch and roll
actions. Therefore, for the sake of drawing the workspace
of the catheter tip, the point cloud of M1 in Fig.4 is rotated from 0 to 360 degree about the “base-bend” axis (red
dash x axis) and the corresponding workspace is shown in
Fig.7. The bowl shape workspace is calculated by rotating
the catheter tip in the pitch model Eq.13 around the base
axis 360 degrees:

(14)

TWtip = Trollθ Tpitchδd

i

(15)

Since the rotation matrix of a point about an arbitrary
line is too large for this page, it is simpliﬁed to:

4.2. Catheter inverse kinematics
For controlling the catheter position in 3D space, the inverse kinematics of the system is required, which calculates
the required control actions for given reference positions.
In the previous Section 4.1, the forward kinematic strategy

Trollθ = f (Ptipi , M 6, M 5, θ)

(16)

where Ptipi is the catheter tip point clouds with respect to
a full pitch-stretch procedure and θ is the roll angle which
6

is provided by the roll driver. As a result, the workspace
of the catheter tip is written as:

j=0i=1

��

f (E[Ptipi |S�ti , δdi ], M 6, M 5, θj )

�����������������

Wtip =

360
m
��

�������������
��������������

��

(17)
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��

Where m are the steps it takes for a full pitch-stretch procedure, which is 74 in our experiments. On this workspace
Wtip , any selected reference point Ptipref can be positioned
by the catheter tip with an appropriate pitch and roll
actions. The desired pitch action δdref is estimated by
pitch model: E[δdref |S�ti , Ptipref ] and the roll action is calculated by measured roll angle θm and reference angle:
δθref = θref − θm .
Since the reference point normally won’t locate on the
estimated trajectory, the closest point on the trajectory
T rj to the reference point is calculated, which is the actual
reference point to estimate the insert action δlref :
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Figure 9: Close loop pitch control of the catheter distal section to
follow desired angles.
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E[δlref |S�t , Ptiptrj ]

��

4.3. Catheter position control
In order to automatically steer the catheter tip, a closeloop control framework is developed, which is based on the
trained catheter model and the proposed inverse kinematic
strategy (see Fig.8). As the ﬁgure shows, the control actions δlref , δdref and δθref are calculated from the inverse
kinematic model for given reference positions. In our experiments of trajectory following, the reference inputs are
the interpolated points on the designed paths. The calculated three actions are then controlled by the control
unit and executed by the linear stage, pitch driver and
roll driver of the catheter driver system respectively. The
shape of the catheter that is perceived by the near-infrared
cameras and the state of the catheter driver are considered
as the current state of the system, which is the feedback
of the control loop.

���
���
��
��

��

��

��

��

��

��������

��

��

��

��

Figure 10: Close loop roll control of the catheter distal section to
follow desired angles.

observed in the pitch model and it takes diﬀerent insert
actions to reach the same pitch angel, the control time of
the pitch driver (step motor) are diﬀerent, which can also
be observed in the plot that some step responses are much
slower than the others.

Close-loop test in pitch control. The pitch action is controlled in a close-loop by the pitch driver with a visual
feedback from the Qualisys cameras. For evaluating the
pitch inverse kinematic model E[δdref |S�t , φref ], the pitch
action δdref is estimated with a random selected pitch angle φref and controlled by a PI controller. The pitch angle
is calculated by the measured tip point M 1, bend point
M 5 and base point M 6. Fig.9 shows the result of closeloop pitch control to follow desired pitch angles. The pitch
model is trained by repeating the full pitch-stretch procedure 30 times and in each procedure 74 observation vectors
are captured corresponds to the 74 pitch steps. By using
online k-mean update approach (Algorithm 1), 556 mean
gaussians are learned for the inverse model. The reference
angle is plotted in blue line and actual pitch angle is represented by the red dot line. As the plot shows, the pitch
angle of the catheter distal section is controlled to follow
the desired angle accurately. Since the hysteresis eﬀect is

Close-loop test in roll control. The roll angle of the
catheter distal section is deﬁned by the tip point and the
base-bend axis, which is initialized to zero at the beginning
of a test. During the experiment, the tip point is driven
by the roll driver and rotated around the axis. As a result,
the rotated angle to the initial state is the roll angle of the
distal section, which is controlled by a PI controller in a
close-loop and the result is presented in Fig.10. The blue
line is the desired roll and the diamond line indicates the
actual roll. The control input is selected randomly in a
constrained θdes ∈ (0, 360) and the results show that the
distal roll is regulated to the desired value at a constant
speed (maximum speed of the roll driver) with high accuracy.
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Figure 8: Diagram of a close-loop control for a tendon driven robotic catheter with a visual feedback.

Trajectory following with a robotic catheter driver in a 3D
open space. Our goal is to automatically steer the catheter
tip to a desired position in 3D space. To evaluate the position control, the square trajectories are used as the desired paths and the reference positions are sampled from
the square lines in every 1 mm (see Fig.11). The catheter
is driven by the linear stage and inserted along the x axis.
The translate, pitch and roll actions are calculated for each
desired position and then are steered by the catheter driver
in a close-loop until it reaches the goal that its RMSE is
smaller than a threshold (2.5 mm). With this approach,
the catheter tip is steered to the sampled reference positions consecutively and follows the planned trajectories
(red cross line). It can be observed from the ﬁgure, the
catheter tip is controlled to follow the trajectory closely
except the reference positions that locates in the areas
of yPdes ∈ (−14, 14) mm. Due to the one-bending direction design and its internal friction and backlash, the
EndoSense ablation catheter can not be fully stretched,
which derives a dead zone in its workspace. As a result,
the reference positions in the dead zones are uncontrollable, which is illustrated in the RMSE result in Fig.12 as
well. Since the large errors within the dead zone areas are
unavoidable due to the hardware limit of the catheter, it is
not included to evaluate the proposed position controller.
Therefore the mean RMSE and standard deviation of this
test is em ± std = 1.379 ± 0.637 mm.
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Figure 11: Result of the catheter 3D position control in real 3D
open space, the blue squares are the desired trajectories and the red
crosses are the catheter tip after steering in each step.
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Trajectory following with a simulated catheter in a 3D
aorta mesh. In order to further investigate the proposed
catheter tip position control in cardiac vascular system, a
trajectory following experiment is done by using a catheter
simulator which is based on a minimum-energy principle
[23].
During testing, the simulated catheter is positioned in
a patient-speciﬁc vasculature 3D mesh (see Fig.13). The
catheter is inserted into the aorta with a constant step of
1 mm and after each insert action, the cross point between
the catheter tip workspace to the planned trajectory is calculated as the reference point for catheter distal steering.
Based on the trained distal model and the inverse kinematic approach shown in subsection 4.2, the catheter tip
is steered to the cross point on the trajectory after each in-
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Figure 12: RMSEs of catheter tip positioning in real 3D open space.
The red dots represent each RMSE of the catheter tip to the desired
position after steering. The yellow areas represent the position errors
of reference points which locates in the deadzone of the catheter tip
workspace.
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5. Conclusion
In this paper, a probabilistic model based catheter position control framework is presented, which is able to automatically steer the catheter tip to the desired 3D positions.
The learned kinematic model and the proposed position
controller are evaluated in a new designed catheter driver
system, which ﬁrstly applied a “Kellems Grip” to evenly
distribute the grip force on the catheter body. The cardiac catheter is tracked by a multiple near-infrared camera
system during experiments, which provides an excellent
tracking resolution comparing to the EM tracking systems
and avoid the self-occlusion problem of the stereo-cameras.
Aimed at precisely controlling the catheter position in a
closed form, a dynamic Gaussian mixture model is used
which is able to capture the relationship between the
catheter states and the control actions in a compact form.
The catheter kinematic is approximated to be a combination of a catheter translation model and a catheter
distal steering model, addressing external disturbances
in translational movement, intrinsic tendon-friction, and
backlash in distal steering. The proposed control framework has been validated by 3D trajectory following experiments both in a real 3D open space actuated by a
catheter driver system and in a patient-speciﬁc vasculature 3D mesh in simulation. In the open space experiment,
a tendon-driven ablation catheter could follow a perpendicular squares 3D trajectory with an accuracy of mean
RMSE and standard deviation of em ± std = 1.379 ± 0.637
mm and in the vasculature 3D mesh, a simulated catheter
could follows the centerline of the aorta with an accuracy
of em ± std = 1.909 ± 1.067mm. The results indicate that
the proposed control approach is able to accurately navigate the catheter tip to follow a desired 3D trajectory in
open space or in a constrained environment. The probabilistic model makes it capable to compensate the basic
external disturbances such as gravity and catheter-aorta
contact.
For future work, we aim to navigate the robotic catheter
inside a real vasculature phantom, in which a more sophisticated interaction model is required for compensating
the dynamic eﬀects, e.g. the twist elasticity between the
catheter distal to the vessel wall and in the long term, the
physiological motions from the heartbeat and blood ﬂow.

Figure 13: Result of trajectory following in a simulated 3D aorta,
the blue line is the desired trajectory and the red line is the catheter
tip after steering.
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Figure 14: RMSEs of catheter tip positioning by using a FEM based
simulated catheter in a patient-speciﬁc vasculature 3D mesh. The
red dots represent each RMSE of the catheter tip to the desired
position after steering.

sert step. As a result, the catheter tip follows the planned
trajectory in vascular model by alternatively inserting the
catheter and steering the catheter tip to the cross points.
Fig.13 shows the result of a catheter trajectory following
test. The blue line represents the centerline of the vasculature model, which is calculated from the center points of
sectional vessel contour. The red line is the followed trajectory of the catheter tip in the test, which is connected
by the steered catheter tip points after insertion every 1
mm. Since aorta arch (see Fig.13) is a challenging section
for catheter navigation, the test is started from the middle of vascular model. As can be seen from the Figure,
the catheter tip followed the centerline successfully in the
test. The tracking error between the catheter tip to the
centerline is shown in Fig.14 with a RMSE and standard
deviation of em ± std = 1.909 ± 1.067mm.
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