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Abstract— Modeling closed loop mechanisms is a necessity
for the control and simulation of various systems and poses
a great challenge to rigid body dynamics algorithms. Solving
the forward and inverse dynamics for such systems require
resolution of loop closure constraints which are often solved
via numerical procedures. This brings an additional burden to
these algorithms as they have to stabilize and control the loop
closure errors. In order to avoid this issue, analytical solutions
are preferred for commonly studied parallel mechanisms. This
paper has two contributions. Firstly, it reports a case study on
a modular and hybrid numerical-analytical approach to model
and control series-parallel hybrid robots which are subjected to
large number of holonomic constraints. The approach exploits
the modularity in the robot design to combine analytical loop
closure for the known submechanisms and numerical loop
closure for submechanisms where analytical solutions are not
available. This offers an edge over purely numerical approach in
terms of computational efficiency. Secondly, an adaption of the
constraint embedding approach in Articulated Body Algorithm
(ABA) is presented which yields a recursive algorithm in mini-
mal coordinates for computing the forward dynamics of series-
parallel hybrid systems. The proposed modification exploits
the Lie group formulations and allows easy implementation
of recursive forward dynamics of constrained systems in state
of the art multi-body solvers.

I. INTRODUCTION

Series-parallel hybrid robots can be defined as a combi-
nation of series or tree-type chains and parallel mechanisms.
The serial and parallel robots are often combined to exploit
advantages of both the topologies. For instance, serial robots
provide larger workspace and are easier to control, and
parallel robots provide high stiffness, high precision, and
high payload capacities. An extensive survey on series-
parallel hybrid robots is available in literature [1]. While
there are many advantages of having such hybrid robots,
the kinematic complexities are inherited from the serial and
parallel robots. The number of holonomic constraints that the
system is subjected to increases with number and complexity
of parallel kinematic manipulator (PKMs). Hence, it becomes
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very important to resolve the loop closures in such hybrid
robots in a computationally efficient and error free manner.

There are many commercial software (e.g. ADAMS, Re-
curDyn, Simmechanics, V-Rep, etc.) and some open source
rigid body dynamics libraries (e.g. RBDL [2], OpenSim [3])
which provides support for modeling closed loop robots.
Solving equations of motion for rigid body system with
closed loops require resolution of loop closure constraints
which are often solved via numerical procedures. This brings
an additional burden to these algorithms as they have to
stabilize and control the loop closure errors. Also, the numer-
ical solvers may lead to inaccuracies, and the errors increase
as the number of loop closures increase in the system. To
circumvent this issue, a modular and analytical approach
was implemented in Hybrid Robot Dynamics (HyRoDyn)
software framework [4], [5]. HyRoDyn allows solving the
loop closures in the PKMs analytically. A hybrid robot is
modeled as a serial composition of submechanisms module
(serial or parallel). Analytical solutions to the most common
PKMs used in hybrid robots are already available in HyRo-
Dyn. However, a disadvantage of HyRoDyn is the lack of
its ability in dealing with any general mechanism. For any
unknown mechanism type, symbolic expressions are required
for the analyses which requires expert knowledge and their
derivation may be a time-consuming process.

The most naive solution of the forward dynamics involves
the computation and inversion of mass-inertia matrix for
computing accelerations. If the robot has several degrees of
freedom, a numerical inversion of such a large mass-inertia
matrix is not efficient. Other approaches have been discussed
in the literature that performs forward dynamics recursively
leading to O(n) algorithm, where n is the number of bodies
in the system. Featherstone’s Articulated Body Algorithm
(ABA), introduced in [6], is a recursive forward dynamics
algorithm for tree type systems and is deemed to be the most
efficient. But, for complex closed loop systems, generally
mass-inertia matrix inversion is performed. To circumvent
this, Jain introduced the idea of embedding the loop clo-
sure constraints within the ABA algorithm [7] leading to
a recursive forward dynamics for constrained systems in
minimal coordinates. In the recent years, the algorithms from
Featherstone [8] has become increasingly popular among the
robotics community. Their implementation can be found in
many open source libraries such as RBDL [2], Pinocchio [9],
Drake [10], Bullet [11], DART [12] etc. The main differ-
ence between the formulations from Featherstone and Jain
is the numbering scheme. Featherstone’s algorithms use a
numbering scheme where the numbers increase from base



to tip of the kinematic tree while Jain’s algorithms use
an opposite numbering scheme where numbering increases
from tip to base of the tree. Due to the popularity of
Featherstone’s notation and numbering scheme, the recursive
forward dynamics algorithm from Jain has received only
limited attention in the robotics community.

Contributions: The numerical approach is advantageous
for dealing with arbitrary mechanisms but suffer from loop
closure errors and computational inefficiency. On the other
hand, the analytical approach has advantages in terms of zero
loop closure errors and better computational performance
but are very specific to a class of parallel mechanisms.
In this paper, we combine the complementary nature of
numerical and analytical loop closure methods to develop a
modular hybrid numerical-analytical approach which offers
higher model fidelity and computational performance than a
purely numerical treatment of complex series-parallel hybrid
robots. This is demonstrated with a case study on the series-
parallel hybrid humanoid upper body platform RH5 Manus
[13] that compares the proposed approach with state of
the art numerical solver RBDL [2] and analytical solver
HyRoDyn [5]. As a second contribution, a reformulation
of the constraint embedding formulation for ABA proposed
by Jain [7] is presented using Lie group concepts and
Featherstone’s notations which is more commonly used in
the robotics community. The authors believe that this refor-
mulation can benefit the robotics community by making this
algorithm more accessible to developers who are more used
to base to tip numbering scheme. Further, it can be used
with the proposed modular and hybrid numerical-analytical
approach to achieve higher computational efficiency.

Organization: Section II provides the mathematical
preliminaries for modeling rigid body systems with closed
loops. Section III provides the hybrid numerical-analytical
approach and Section IV presents the modified ABA algo-
rithm with constraint embedding approach in a geometric
framework. Section V verifies the proposed method, presents
an experimental validation and provides a case study to
demonstrate the achieved computational benefit. Section VI
draws conclusion and presents future work.

II. MODELING OF CLOSED LOOP SYSTEMS

This section presents some preliminaries for modeling
robotic systems with closed loops using graph based topo-
logical description [7], [8]. A regular numbering scheme is
described in [8] according to which the bodies are numbered
from root of the graph towards the tip, i.e. 0 to NB. Assuming
that the spanning tree is defined, let n denote the degrees of
freedom of the spanning tree, m denote the mobility and nc

denote the number of independent loop closure constraints.
Let q∈Rn be the vector of spanning tree joints and y∈Rm is
a vector of independent joint variables that define q uniquely.

A. Loop Closure Constraints

Loop constraints are the non-linear constraints defined on
the motion variables of the rigid body system. They can be
expressed in implicit and explicit form as provided in [8].

TABLE I: Loop closure constraints [8]

Type Position Velocity Acceleration
Implicit: φ(q) = 0 Kq̇ = 0 Kq̈ = k
Explicit: q = γ(y) q̇ = Gẏ q̈ = Gÿ+g

In Table I, K= ∂φ

∂q , k=−K̇q̇, G= ∂γ

∂y , and g= Ġẏ. If both
implicit and explicit constraints define the same constraint in
the system, then it can be deduced that φoγ = 0, KG = 0,
and Kg = k. The algorithms to compute these variables are
described in [2], [8] and are skipped here for brevity.

B. Constrained Equations of Motion (EOM)
In implicit form, the EOM for a constrained system is[

M(q) KT

K 0

][
q̈
−λ

]
=

[
τ−C(q, q̇)

k

]
(1)

where q, q̇, q̈ ∈ Rn are position, velocity, and acceleration
variables of the spanning tree, M(q) ∈ Rn×n is the mass-
inertia matrix, C(q, q̇) ∈ Rn is the Coriolis-centrifugal and
gravity efforts, λ ∈ Rnc

is the Lagrangian multipliers, and
τ ∈ Rn are the joint forces.

The EOM in minimal coordinates (explicit form) is

Myÿ+Cy = τy (2)

• τy = GT τ is the generalised forces (forces and torques).
• My = GT MG is the generalised mass-inertia matrix
• Cy = GT (C+Mg) is the generalised Coriolis-

centrifugal efforts and gravity forces.

C. Deriving Explicit from Implicit Constraints
The explicit constraints can be derived from the implicit

constraints using the method of generalized coordinate parti-
tioning (GCP) which eliminates the possibility of constraints
violation [14]. In GCP, spanning tree coordinates are split
into a set of chosen generalized coordinates and remaining
dependent coordinates. Note that this choice is not unique in
general and may not be the same as actuator coordinates.

1) Velocity Constraints: The constrained Jacobian ma-
trix (K) in implicit form can be rewritten by splitting it
into independent and dependent coordinates part. Dependent
coordinates is a subset of generalized positions that are
expressed as a function of independent coordinates y = qi ∈
Rm using function γ . Splitting the equation Kq̇ = 0,[

Ki Kd
][ ẏ

q̇d

]
= 0

Kiẏ+Kd q̇d = 0
q̇d =−K−1

d Kiẏ (3)

where Ki ∈ Rnc×m and Kd ∈ Rnc×(n−m) are the independent
and dependent coordinates part of K respectively, and q̇d ∈
Rn−m is the dependent velocity vector. In matrix form,

q̇ =

[
ẏ

q̇d

]
=

[
I

−K−1
d Ki

]
ẏ (4)

Comparing above equation with q̇ = Gẏ, we have the con-
strained Jacobian matrix in explicit form as,

G =

[
I

−K−1
d Ki

]
. (5)



2) Acceleration Constraints: The equation Kq̈= k can be
rewritten in terms of dependent and independent parts.[

Ki Kd
][ ÿ

q̈d

]
=−K̇q̇

Kiÿ+Kd q̈d =−K̇q̇ (6)

Multiplying by K−1
d ,

K−1
d Kiÿ+ q̈d =−K−1

d K̇q̇
q̈d = K−1

d k−K−1
d Kiÿ (7)

Substituting Eq. 5 in q̈ = Gÿ+g and comparing with the
above equation, we have

g =

[
0

Kd
−1k

]
. (8)

III. MODULAR AND HYBRID NUMERICAL-ANALYTICAL
APPROACH FOR SERIES-PARALLEL HYBRID ROBOTS

This section describes the hybrid numerical-analytical
approach for series-parallel hybrid robots which exploit the
modularity as well as domain-specific expert knowledge
about the robot design.

A. Motivation

In most of the numerical approaches, the aim is to solve
the implicit constraints as they are fairly easy to setup
at acceleration level. As the loop closures in the system
increases, loop closure errors are inevitable and the ap-
proach suffers from computational inefficiency. To control
the violation of constraints, stabilization techniques like
Baumgarte stabilization [8] are needed. On the other hand,
explicit constraints are complex to setup as it requires the
knowledge of analytical solutions to loop closure equations
but overcomes the problem of computational inefficiency
and numerical errors. Series-parallel hybrid robots [1] often
employ a combination of serial and parallel submechanism
modules connected in a tree-type fashion. This motivates us
to combine the complementary nature of numerical and ana-
lytical loop closure methods to develop a hybrid numerical-
analytical approach which exploits the modularity in the
system design and the analytical solutions to loop closure
constraints in commonly studied parallel mechanisms. The
approach offers higher model fidelity and computational
performance than a purely numerical treatment of complex
series-parallel hybrid robots.

B. Approach

The main idea behind the approach is to exploit the
modularity in the robot design to combine analytical loop
closure for the known submechanisms and numerical loop
closure for submechanisms where analytical solutions are not
available while solving the loop closure constraints of the
overall robot. This results in minimal coordinate algorithms
which can be solved efficiently and recursively. In Fig. 1, the
blue column follows the derivation of implicit constraints
via numerical approach and orange column follows the
derivation of explicit constraints via symbolic expressions

Position constraints
to find q=γ(y)

Velocity constraints 
to find matrix G

Acceleration 
constraints to find g

Extract matrix 
G from K

Extract vector 
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Velocity contraints 
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constraints to find k
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to find     

Input choice: 
Numerical/Analytical 
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Fig. 1: Modular approach to obtain explicit constraints

for resolving the loop closures. The green layer between
them depicts the idea of deriving the explicit constraints
from implicit constraints numerically. This modular approach
gives freedom to a user to choose a numerical or analytical
approach for a parallel submechanism module. Hence, if the
constraints are requested to be resolved numerically, they are
expressed in explicit form using the green layer in the Fig. 1,
following the methodology from Sec. II. On the contrary,
if analytical approach is requested by the user, symbolic
expressions are required for that particular parallel module.
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Fig. 2: Reduced version of RH5 Manus robot

C. Example

Let us consider a reduced version of RH5 Manus robot
[13] as an example of series-parallel hybrid robot. In Fig.
2, the hybrid system is represented as a serial composition
of eight submechanisms, defined by the user. Among these,
blue circled are closed loop submechanisms while others are
serial chain subsystems. The first closed loop submechanism



connected to the root of graph represents torso of the robot.
It is a multi-loop mechanism of type 2SPU+1U [15] actuated
by two prismatic joints. Additionally, the elbow of robot
is realized with a closed loop mechanism of type RRPR
actuated with a prismatic joint. If the analytical solutions
to the torso mechanism is unknown and elbow mechanism
is known, then the loop closure function of this hybrid robot
is given by

γ =
[
γT

1,num γT
2 . . . γT

8
]T

(9)

G =


G1,num 0 . . . 0

0 G2 . . . 0

0 0
. . . 0

0 0 . . . G8

 (10)

g =
[
gT

1,num gT
2 . . . gT

8
]T

. (11)

In above equations, the first submechanism is solved numeri-
cally i.e. γ1,num,G1,num, and g1,num are computed using Eqs. 5
and 8. Remaining submechanisms are solved analytically
using symbolic expressions.

D. Software Implementation

The proposed method exploits the numerical resolution of
loop closure constraints in the RBDL [2]. The quantities K
and k are obtained from RBDL and Eqs. 5 and 8 are used
to get the explicit form of velocity and acceleration level
constraints expressed as Gnum and gnum respectively. The po-
sition constraints of the parallel kinematic chain is computed
using iterative methods where the independent coordinates of
the parallel kinematic chain is fixed and remaining spanning
tree joint variables are allowed to change to find local
feasible function φ . When the function is combined with
independent coordinates, it is expressed as γnum. On the other
hand, for analytical expressions, HyRoDyn library [5] is
used. The benefit of using HyRoDyn is its ability to reuse the
submechanism libraries like RRPR, 2SPRR+1U, 6-UPS etc.,
which can be specified by the user for analytical approach.

IV. RECURSIVE FORWARD DYNAMICS IN MINIMAL
COORDINATES USING CONSTRAINT EMBEDDING

This section presents a reformulation of the constraint
embedding formulation for ABA proposed by Jain [7] which
yields a recursive forward dynamics algorithm in minimal
coordinates for series parallel hybrid robots. It adapts the
concepts from Spatial Operator Algebra (SOA) introduced by
Jain into standard Lie group concepts and root to tip regular
numbering scheme from [8] which is more frequently used
in the robotics community. The ABA algorithm calculates
forward dynamics by computing the articulated body iner-
tia [8]. The algorithm in [2], [8] makes three passes over the
tree-type system that are

1) The first pass goes from base to tip of the kinematic
tree and is responsible for calculating the velocity and
bias terms of each node in the kinematic tree.

2) The second pass runs from tip to base and calculates
the articulated body inertia and bias forces.

3) The third pass goes from base to tip and computes the
accelerations.

A. Recursive formulations

As ABA is a well known recursive algorithm, the main
algorithm is skipped here for brevity and can be followed in
[7], [8]. This section only provides the adapted quantities to
consider loop closure constraints. As discussed in [7], the
spanning tree can be modified by considering the parallel
kinematic chain as a node. This converts the spanning tree
into a new spanning tree with the submechanism captured in
a new node. The approach removes the bodies involved in the
parallel kinematic chain and introduces a new submechanism
node in the graph, G , as shown in Fig. 3. In the figure, p
denotes the parent of G , and c denotes the child of G The
explicit loop closure constraints shall be captured in G . The

p

c c

p

Spanning tree joints

Cut joints

Root body

Body

Fig. 3: Introduction of a submechanism node in the tree,
adapted from [7]

constraints should be embedded in the spanning tree when
going from p→ G → c. To compute the variables in the
algorithm, screw theory and Lie group concepts are used
that are well discussed in literature [8], [16]–[18]

The explicit Jacobian matrix, GG , and explicit bias ac-
celeration vector, gG , can be computed for a parallel sub-
mechanism in the tree from Section III. The explicit Jacobian
matrix in reduced coordinates JG needs to be computed. The
new submechanism node G contains parallel kinematic chain
bodies from the kinematic tree. The reduced Jacobian matrix
with the explicit jacobian matrix GG is given by

JG = AG XG GG (12)

where

AG =


I 0 0 . . . 0

AdT2,1 I 0 . . . 0
AdT3,1 AdT3,2 I . . . 0

...
...

...
. . .

...
AdTn,1 AdTn,2 . . . AdTn,n−1 I

 (13)

with AdTi is the adjoint transformation matrix of size (6×6)
defined as

AdTi, j =

[
Ri, j 0

ir̃i, jRi, j Ri, j

]
(14)



where Ri, j ∈ SO(3) is the rotation matrix and ir̃i, j is the skew
symmetric matrix of position vector in frame i.

XG = diag(1X1,
2X2, . . . ,

nXn) (15)

where iXi is the screw coordinates of the vector, of joint
frame i represented in body-fixed frame i.

The new graph introduces connector blocks for computing
articulated body inertia and bias force for the submechanism
node G defined as:

1) Connecting matrix from p → G called as A(p,G )
which maps the nodes in G to p.

2) Connecting matrix from G → c called as A(G ,c) which
maps the nodes in G to c.

Spanning tree joints

Cut joint(s)

Root body

Submechnaism interface

Body p

p

c

A(p,   ) A(  ,c)

c

Fig. 4: Connecting matrices for new submechanism node

The connecting matrices are depicted in Fig. 4. The blue
colored joints in the graph are the components used in build-
ing the connecting matrix A(p,G ). Similarly, orange colored
joints are the components used in building the connecting
matrix A(G ,c). Considering n bodies and m independent
coordinates in submechanism node G , A(p,G )∈R6n×6, and
A(G ,c) ∈R6×6n The recursive formulation when encounter-
ing a closed loop in the system can be formulated as

1) First Pass: The first pass in the algorithm remains the
same and computes velocities and bias terms.

2) Second Pass: The second loop is modified when mov-
ing from tip to base in the kinematic tree. The modifications
are listed below.
From child node c to submechanism node G (c→ G )

IA
G = IG + ∑

∀c∈µ(G )

AT (G ,c)Ia
cA(G ,c)

pA
G = pG + ∑

∀c∈µ(G )

AT (G ,c)pa
c

UG = IA
G JG

DG = JT
G UG

uG = τG y−JT
G pA

G

c′G = AG cG +AG XG gG

Ia
G = IG −UG D−1

G UT
G

pa
G = pA

G + Ia
G c′G +UG D−1

G uG

From submechanism node G to parent node p (G → p)

IA
p = AT (p,G )Ia

G A(p,G )+ Ip

pA
p = AT (p,G )pa

G +pp

where
• IG ∈ R6n×6n contain diagonal terms as spatial mass-

inertia matrix of each body in the node G .

• IA
G ∈ R6n×6n is the articulated body inertia of node G .

Connecting matrix A(G ,c) maps child to the connecting
body in node G .

• pG ∈ R6n is the articulated bias forces of the node G .
• JG ∈ R6n×m is the reduced Jacobian matrix in explicit

form for node G , as in Eq. 12.
• τG y ∈ Rm are the generalized forces of the node G in

independent coordinates.
Note the extra step that is introduced for the velocity product
of the submechanism node, c′G ∈ R6n by combining it with
the explicit constraints.

3) Third Pass: The next modifications in third loop are
given below when moving from base to tip.
From parent node p to submechanism node G (p→ G )

a′G = A(p,G )ap + c′G
ÿG = D−1

G (uG −UT
G a′G )

q̈G = GG ÿG +gG

aG = a′G +JG ÿG

From submechanism node G to child node c (G → c)

a′c = A(G ,c)aG + cc

q̈c = D−1
c (uc−UT

c a′c)

In this loop, also note the extra steps that map the explicit
constraints to obtain the accelerations of all bodies in the
submechanism node.

B. Mass Matrix Factorization and Inversion

The closed-form of forward dynamics uses the mass
matrix factorization and inversion, inspired from [7], [19]–
[21]. Considering a system with c→ G → p, the properties
can be defined as

A=

 Ac 0 0
AG AT (G ,c)Ac AG 0

ApAT (p,G )AT (G ,c)Ac ApAT (p,G ) Ap

 (16)

Similarly, X and M are defined as

X=

Xc 0 0
0 XG GG 0
0 0 Xp

 , M=

Ic 0 0
0 IG 0
0 0 Ip

 (17)

The components used in recursive formulations can be writ-
ten as

U=

Uc 0 0
0 UG 0
0 0 Up

 , D=

Dc 0 0
0 DG 0
0 0 Dp

 (18)

New system quantities, ψ and κ are defined using Eqs. 16,
17, and 18 , adapted from [7].

ψ = [I−X(UD−1)T ]A (19)

κ = (UD−1)TAD (20)

where AD is nilpotent satisfying von-Neuman series AD =
(I−A−1). They satisfy the property,

ψ
−1A= I+XκA (21)



The mass-inertia matrix can be written as

My = JTMJ (22)

where J= AX, and M is defined in Eq. 17. Introducing
(ψψ−1) in above equation,

My = (AX)T (ψψ
−1)

T
Mψψ

−1AX

My = XT (ψ−1A)
T

ψ
TMψ(ψ−1A)X (23)

Using Eq. 21,

My = XT [I+XκA]T ψ
TMψ[I+XκA]X

My = [I+κAX]TXT
ψ

TMψX[I+κAX]

My = [I+κAX]TD[I+κAX] (24)

where D= XT ψTMψX. Therefore, inverting Eq. 24

M−1
y = [I+κAX]−1D−1[I+κAX]−T (25)

From standard matrix identity [I+AB]−1 = I−A[I+BA]−1B,

[I+κAX]−1 = I−κA[I+XκA]−1X

[I+κAX]−1 = I−κA(ψ−1A)−1X

[I+κAX]−1 = I−κψX (26)

Therefore, using Eq. 26 and substituting in Eq. 25, mass-
matrix inversion can be written using factorization as

M−1
y = [I−κψX]D−1[I−κψX]T (27)

The mass-inertia matrix factorization and inversion is cap-
tured in Eq. 27.

V. RESULTS

This section presents the numerical verification, experi-
mental validation and a case study on computational ef-
ficiency of the proposed approach using the example of
an upper body series-parallel hybrid RH5 Manus robot 1

which is the successor of RH5 Humanoid [22] (also see the
accompanying video).

A. Verification of Hybrid Numerical-Analytical Approach

The modular and hybrid implementation of explicit con-
straints is verified by comparing it with analytical solutions
of the closed loops. In order to do this, the reduced version
of the upper body of RH5 Manus is considered as in
Fig. 2. The robot model consists of m = 13 independent
joints, n = 23 spanning tree joints, and 13 actuated joints.
We consider a case where torso submechanism is solved
using numerical approach and remaining loop closures with
analytical solutions. A total of nc = 6 constraints need to
be defined for numerically solving this loop closure in
the system. Cycloidal trajectories [23] are defined for the
independent joints. For verifying the numerical resolution of
loop closures, kinematic analysis and inverse dynamics are
performed. In the actuation space of numerically resolved

1URDF models are released at: https://github.com/
dfki-ric-underactuated-lab/hybrid_numerical_
analytical_approach_case_study for benchmarking.

parallel torso mechanism, we have two prismatic actuators
and the root mean squared error (RMSE) are reported in
Table II. From these results, it can be concluded that explicit
constraint resolution from numerical approach is feasible and
does not compromise on accuracies.

TABLE II: RMSE between proposed and analytical methods

Actuated joints Torso left (Joint 5) Torso right (Joint 8)
Position (m) 2.36e-08 3.77e-08

Velocity (m/s) 1.14e-09 1.11e-09
Acceleration (m/s2) 2.47e-11 4.64e-11

Force (N) 1.15e-04 1.13e-04

B. Experimental Results

For experimental verification, the reduced version of the
upper body of RH5 Manus is considered as before. The
independent joint trajectories are provided for boxing motion
generated using optimal control [13]. In Fig. 5, the robot is
shown in action for the boxing motion trajectories.

1 2 3

4 5 6

Fig. 5: RH5 Manus robot in boxing motion

The proposed method is used to map the independent joint
movements to the actuation space at the position, velocity,
acceleration, and torque levels. For experimental verification,
the data is collected from both approaches, i.e. analytical
approach from HyRoDyn and the proposed hybrid approach.
In Fig. 6, it can be seen that the trajectories can be tracked
with the proposed method without any significant loss of
performance. Hence, the proposed approach is also suitable
for real time control of complex series-parallel hybrid robots.

C. Computational Performance

a) Reduced RH5 Manus Robot Model: The computa-
tional performance is measured in CPU time using CHRONO
library in C++ for the reduced version of the RH5 Manus
robot. For this robot with n = 23 spanning tree joints,
CPU time is noted for position, velocity, acceleration, and
torque analysis for randomly generated trajectories. A total
number of 10000 calls were made to solve the full system
state (position, velocity, acceleration), inverse dynamics, and
forward dynamics. The program is run on a standard laptop
with Ubuntu 20.04 operating system and Intel Core i9-
11950H CPU @ 2.6 GHz. For computational performance,
the following three cases are studied.

https://github.com/dfki-ric-underactuated-lab/hybrid_numerical_analytical_approach_case_study
https://github.com/dfki-ric-underactuated-lab/hybrid_numerical_analytical_approach_case_study
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Fig. 6: Experimental results

1) The full system is solved through numerical approach
using RBDL (nc = 10).

2) The full system is solved through analytical approach
using HyRoDyn (nc = 0).

3) The full system is solved through proposed approach
where one closed loop mechanism (torso mechanism
in Fig. 2) is solved numerically and other parallel
mechanisms are solved analytically (nc = 6).
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Fig. 7: Comparison of CPU times between HyRoDyn,
RBDL, and proposed methods for reduced RH5 Manus robot

From Fig. 7, the computational time for inverse dynamics
of the numerical approach (RBDL) is ≈ 5 times slower than
the analytical approach (HyRoDyn). For the same, it can be
noted that proposed numerical-analytical approach performs

≈ 2 times better than the numerical approach (RBDL) which
shows the advantage of the proposed method.

Fig. 8: Wrist mechanism in RH5 Manus robot [24]

b) Full Upper body of RH5 Manus Model: The com-
putational performance is studied for the fixed-base full
upper body of RH5 Manus robot model (n = 61 spanning
tree joints, m = 20 independent joints, and p = 20 actuated
joints) with a parallel wrist mechanism whose symbolic
expressions are not yet available in the database of HyRoDyn
software. The mechanism, as seen in Fig. 8, is complex
in terms of loop closures where multiple cut joints define
the constraints. The mechanism consists of 18 spanning tree
joints, 2 independent joints, and 2 prismatic actuated joints. It
is of type 2SU[RRPR]+1U [24] and imposes a total number
of nc = 10 constraints. The whole complex system of the
upper body of RH5 Manus robot model now require nc = 30
constraints to be defined. Following cases are studied:

1) The full system is solved through numerical approach
from RBDL including the wrist (nc = 30).

2) The full system is solved through proposed approach
(nc = 20).

From Fig. 9, the computational performance for the proposed
numerical-analytical approach is ≈ 1.3 times better when
compared to RBDL, for computing the inverse dynamics.
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Fig. 9: Comparison of proposed and RBDL approaches for
full upper body of RH5 Manus robot model

D. Validation of Constraint Embedding Approach
The constraint embedding approach is validated using the

direct inversion of joint-space mass inertia matrix to solve the



forward dynamics of the whole system. The same example
is considered and the input trajectories for positions and ve-
locities are given by cycloidal trajectories. The accelerations
are computed through both the approaches and the results
are compared. In Fig. 10, the legend direct computes the
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Fig. 10: Validation of constraint embedding method

acceleration using direct inversion of mass inertia matrix, and
legend ABACE computes the acceleration using the constraint
embedding approach in ABA. The root mean squared error
for all the joints is computed to be zero, thus validating the
constraint embedding reformulation.

VI. CONCLUSION

This paper introduces a case study on a modular and
hybrid numerical-analytical approach for resolving loop clo-
sures in series-parallel hybrid robots which is more compu-
tationally efficient than a purely numerical approach. When
there is a complex closed loop submechanism in the system
whose symbolic solutions can be difficult to compute, the
hybrid approach can act as a decent alternative. The proposed
approach is applicable to all kind of systems (including
floating base) and higher computational efficiency helps in
improving model predictive and whole body control of such
complex systems. The paper also presents a reformulation
of the constraint embedding formulation for ABA proposed
by Jain by translating SOA concepts into standard Lie group
concepts and adapting the recursive algorithm for base to
tip numbering scheme. This reformulation can benefit the
robotics community by making this algorithm more acces-
sible to developers who are comfortable with base to tip
numbering scheme and Featherstone’s notation. The future
work include the implementation of contact dynamics.
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