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Abstract

Recent advancements in quantum computing have positioned it as a prospective solution for tackling intricate computational
challenges, with supervised learning emerging as a particularly promising domain for its application. Despite this potential,
the field of quantum machine learning is still in its early stages, and there persists a level of skepticism regarding a possible
near-term quantum advantage. This paper aims to provide a classical perspective on current quantum algorithms for super-
vised learning, effectively bridging traditional machine learning principles with advancements in quantum machine learning.
Specifically, this study charts a research trajectory that diverges from the predominant focus of quantum machine learning
literature, originating from the prerequisites of classical methodologies and elucidating the potential impact of quantum
approaches. Through this exploration, our objective is to deepen the understanding of the convergence between classical and
quantum methods, thereby laying the groundwork for future advancements in both domains and fostering the involvement

of classical practitioners in the field of quantum machine learning.
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1 Introduction

The adoption of machine learning has proliferated in recent
years, largely due to the capacity for training large neural
networks, which has significantly impacted various real-
world applications. However, neural networks are compu-
tationally demanding, requiring specialized hardware and
extensive datasets to learn meaningful representations [1-3].
Conversely, traditional machine learning methodologies,
such as linear regression [4] and Support Vector Machines
(SVMs) [5, 6] are grounded in assumptions about the data-
generating process and do not typically achieve the state-of-
the-art performance that neural networks can.

With the advent of quantum computing, the question
arises as to whether quantum approaches can enhance or
surpass traditional machine learning methodologies. The
inherent differences between quantum and classical comput-
ing frameworks carry significant implications for their appli-
cation in supervised learning. While classical approaches
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typically rely on nonlinearity assumptions to uncover
intricate patterns within datasets, with integration varying
depending on the specific algorithm employed [7, 8], quan-
tum computing leverages the principles of superposition,
entanglement, and interference, enabling the execution of
computational tasks that potentially exceed the capabilities
of classical methods [9]. However, quantum operations are
governed by unitary and therefore linear transformations,
which limit the direct translation of classical nonlinear mod-
els into quantum paradigms. Consequently, while quantum
computing offers unparalleled computational efficiency,
leveraging these advantages for supervised learning needs a
reassessment to align with quantum principles.

The continuous advancement of quantum technology has
motivated researchers to develop innovative strategies for
applying quantum computing to traditional problems such as
regression [10, 11], classification [12], and function approxi-
mation [13, 14]. However, Quantum Machine Learning
(QML) models, still in their embryonic stages, have yet to
offer a feasible alternative to the entrenched classical meth-
ods. This is partly because current classical methodologies
are largely driven by extensive experiments, while conduct-
ing such experiments with the existing quantum hardware
is exceedingly difficult.
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In this paper, we examine the QML literature from a tradi-
tional standpoint, establishing a connection between classi-
cal and quantum supervised learning techniques. The objec-
tive here is to explicate what quantum computing entails for
the field of machine learning and to identify potential syner-
gies between the two domains. Specifically, we begin by pre-
senting an overview of the problem of supervised learning,
clarifying the crucial distinction between parametric and
non-parametric methods for adaptation in quantum settings
(Sect. 2). Consequently, we outline the QML landscape,
highlighting how varying assumptions about the capabilities
of the quantum computer at hand lead to distinct QML strat-
egies and the potential enhancements quantum computing
may introduce (Sect. 3). In Sect. 4, we delve into the latest
approaches and trends in QML research, emphasizing their
potential impact on the field of classical machine learning.
Following this, we identify several challenges that arise from
the requirements of contemporary classical methods and dis-
cuss how quantum techniques could address these issues
(outlined in Sect. 5). The paper concludes with a synthesis
of our contributions in the concluding section (Sect. 6).

2 Supervised Learning: A Methodological
Perspective

Supervised methods [15, 16] aim to learn an unknown target
function f : X — ), where X and ) are respectively the sets
of features and the target variable. Each learning algorithm
is associated with a hypothesis class H comprising functions
h : X — ). The set X serves as the domain for H, which
consists of objects with bounded computational power. For
instance, H might include all neural networks with specific
and possibly limited depths and number of nodes, or all
decision trees of at most a certain depth. It is assumed that
each function & € H possesses a succinct description, and
is feasible to evaluate a given 4 on a given x € X'. The goal
of the learner' is to minimize the generalization error of h
with respect to f:

err(h.f.D) = Pr[h(x) # £, M

where D is the probability distribution over X'. Generaliza-
tion error (Eq. (1)) is minimized by the learner over the
class H. However, since D and f are in general unknown, the
generalization error is not directly available.

In practice, the learner has access to a limited training
set S = {(x?,y)},_, .y, where the points x” are presumed
independent and identically distributed, and generated

! The definition refers to classification, but it can be easily general-
ized to regression.
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according to the unknown distribution D on &". The target
variable can be computed as f(x?) = y and f represents
the function to learn. A useful metric of error is the training
error which is computed according to the instances in S:

eir(h.f,D) = Pr. [h(x) # f(x)]. )

This is also known as empirical risk [16]. Since the train-
ing set is a snapshot of the D, it makes sense to search for
solutions that work well on the training data. This learning
paradigm is called Empirical Risk Minimisation [16] and
aims to find a predictor & that minimizes e7r(h, f, D), in the
hope that it will be able to generalize over the unknown D.
Therefore, in essence, machine learning methods refer to a
set of approaches for estimating f that can be characterized
as either parametric or non-parametric [17].

2.1 Parametric Methods

This class of methods employs a model-based strategy that
unfolds in two primary phases. Initially, a specific functional
form for fis posited (Model Specification). A common start-
ing point is to assume a linear relationship with respect to
x, articulated as:

J&) = By + Brxy + Ppxy + - + Bx,. 3)

This presumption of linearity greatly streamlines the model
estimation process. Rather than deducing a completely
arbitrary function f(x) in a p-dimensional space, the task is
reduced to determining the p + 1 coefficients g, f;, ..., ﬂp.

The next phase involves fitting the model with training
data. For the linear framework described above, the goal is
to ascertain the values of f, f;, ..., f,. By making specific
assumptions about f and utilizing the residual sum of squares
as the loss function, the problem is transformed into a con-
vex optimization task [18, 19]. This allows for the derivation
of the optimal f coefficients for a given dataset through least
squares, yielding a closed-form solution. In matrix form, if
X denotes the N X (p + 1) matrix with each row representing
an input vector (with a 1 in the first position), and y denotes
the N-vector of outputs in the training set, the residual sum
of squares (RSS) can be rewritten as:

RSS(B) = v = XB)' (v — XP). )

This expression represents a quadratic form in the p + 1
parameters. By differentiating with respect to f and assum-
ing that X has full column rank and hence X7X is positive
definite, the estimate of # that minimizes the function RSS(f)
is given by:

f=X"X)""XTy. o)
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Therefore, to fit a linear model following the minimiza-
tion of RSS(P), it is necessary to solve the linear system
expressed in Eq. (5). It is important to note that the variables
X are not necessarily the observed features. For instance,
the input features can be augmented with basis expansions
[20] to introduce non-linearity through spline functions [21].
Splines divide the sample data into sub-intervals delimited
by breakpoints. A fixed-degree polynomial is then fitted
within each segment, resulting in a piecewise polynomial
regression.

While assuming a parametric form for f simplifies the
estimation process, selecting a model that deviates signifi-
cantly from the true f'can lead to inaccurate estimates. This
issue can be mitigated by employing more flexible mod-
els capable of accommodating various potential functional
forms for f. However, employing more complex models
often entails estimating a greater number of parameters,
potentially leading to overfitting, where the model exces-
sively conforms to the noise present in the data [19].

2.2 Non-parametric Methods

Non-parametric methods eschew explicit assumptions
regarding the functional form of f, opting instead to seek
an estimate of f that closely approximates the data points
while maintaining a balance between smoothness and fidel-
ity. This characteristic endows non-parametric approaches
with a significant advantage over parametric methods: by
sidestepping the need to specify a particular functional
form for f, they possess the capability to accurately capture
a broader spectrum of potential shapes for f. However, non-
parametric techniques suffer from a notable drawback: due
to their failure to reduce the task of estimating fto a limited
number of parameters, they necessitate a substantially larger
number of observations and imply more complex optimiza-
tion approaches.

Prominent examples of this paradigm are Support Vector
Machines (SVMs) [6] and Neural Networks [1]. Both can be
categorized as non-parametric models due to their flexibility
in capturing complex patterns without relying on predefined
functional forms. However, there exists a fundamental differ-
ence in their underlying assumptions about f. SVMs, while
non-parametric, make assumptions about the data’s linear
separability in a predetermined feature space ¢(-), leading to
a convex optimization problem. Mathematically, for a binary
classification problem, the decision function of SVMs can
be represented as [6]:

N
fx) = sign(Z aiy(i)k(x(i),x) + b) 6)
i=1

where x represents the input feature vector, «; are the
Lagrange multipliers associated with the support vectors

corresponding to the target values y;, b is the bias term and
k(x®, x) = (p(x?), p(x)) is the kernel function that computes
the similarity, in terms of inner product, between x and x
in the feature space ¢(-).

SVMs work by implicitly mapping input data into a high-
dimensional feature space where they can be linearly sepa-
rated but without explicitly computing the transformation
itself. The choice of kernel function determines the shape
of the decision boundary. According to this interpretation,
SVMs can be understood and analyzed with respect to the
reproducing kernel Hilbert space (RKHS) [22] that is a
mathematical framework characterized by being a vector
space of functions endowed with an inner product operation.

A specific case of SVMs consists of assuming the least-
squares criterion for the error terms and transforming
the inequality constraints into equality constraints. This
approach, known as Least-squares SVMs (LS-SVM) [6],
leads to an optimization problem that aligns more closely
with parametric model settings.

Differently from SVMs, neural networks [1] do not
impose any explicit assumptions on the data’s structure,
providing more flexibility in modeling complex relation-
ships without necessarily requiring linear separability in
a predefined feature space. This flexibility comes at the
cost of increased computational complexity, a non-convex
optimization landscape, and the need for larger datasets to
effectively learn the underlying patterns. Over the past dec-
ade, the proliferation of data availability combined with the
adoption of GPUs has accelerated the development of large
neural networks. This empirically driven methodology pre-
sents a challenge to the traditional reliance on theoretical
constructs such as VC dimension [29] or effective dimen-
sion [30] to gauge a model’s generalization capacity [31].
This is because classical statistical learning theory does
not always correspond with the overparameterized regime
prevalent in deep learning [32], which frequently surpasses
other methods. These developments prompt questions about
the suitability of these theoretical frameworks in accurately
assessing a model’s true effectiveness [31, 33, 34].

3 Quantum Machine Learning Landscape

The field of Quantum Machine Learning (QML) sits at the
intersection of machine learning and quantum computation,
aiming to leverage quantum computational tools for innova-
tive solutions to conventional machine learning problems.
Within QML, two primary methodologies outline distinct
approaches based on the nature of the underlying machine
learning techniques, dictating the computational tasks
assigned to quantum computers. These approaches share
similarities with the dichotomy between parametric and non-
parametric classical models discussed in Sect. 2.

@ Springer
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Fig. 1 Visual representation of the field of Quantum Machine Learn-
ing as the intersection between different paradigms in machine learn-
ing (parametric and non-parametric) and quantum computation capa-
bilities (Fault-tolerant and NISQ). Fault-Tolerant Quantum Machine
Learning (FT-QML) involves quantum algorithms like Quantum Sup-
port Vector Machines [23] (least-square formulation [24]), Quantum
Splines [14], and Quantum Linear Regression [25], which require
error-corrected qubits and the capability to run arbitrarily long
quantum circuits. Conversely, Hybrid QML incorporates Quantum
Neural Networks [26] and Quantum Kernels [27], utilizing NISQ

The fault-tolerant approach [35] aims to develop quan-
tum algorithms that can significantly accelerate machine
learning tasks, with the ambition of achieving demonstrable
exponential speed-up. These algorithms strive to emulate
the outcomes of classical processes faster in terms of com-
putational complexity theory. Nevertheless, this approach
usually requires a fully error-corrected quantum computer
and the proposed algorithms tend to align with the long-
term prospects of quantum computing rather than immediate
practical applications. Conversely, the near-term trajectory
of QML [36, 37] focuses on leveraging capabilities of Noisy
intermediate-scale quantum computers (NISQ) to develop
novel models and training algorithms [38, 39]. This para-
digm arises from the need to work with a limited number
of non-error-corrected qubits and shallow quantum circuits.

A visual description of QML from both machine learn-
ing and quantum computing perspectives is shown in Fig. 1.

3.1 Fault-Tolerant Quantum Machine Learning

Fault-tolerant Quantum Machine Learning (FT-QML)
endeavors to enhance classical computational routines by
leveraging fault-tolerant quantum devices. In particular, a
suite of quantum algorithms known as quantum BLAS (Basic
Linear Algebra Subroutines) [40, 41] aims to facilitate the
execution of fundamental operations such as matrix multi-
plication, inversion, and singular value decomposition at a
computational pace surpassing that of classical counterparts.

@ Springer
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devices characterized by noisy and shallow quantum circuits. These
approaches integrate with traditional machine learning methods. In
particular, parametric models, which assume linearity in the underly-
ing function f and rely on convex optimization procedures, can benefit
from the HHL algorithm [28] in the FT-QML setting. On the other
hand, non-parametric models, which do not impose such assump-
tions, can be enhanced by utilizing parametrized quantum circuits
(PQCs) to introduce a new class of hypotheses in the Hybrid QML
settings

Within the FT-QML paradigm, quantum algorithms may
manifest logarithmic runtime complexity relative to the
input dimension N and p, contingent upon the complexity
achieved by the input encoding.

This methodology is particularly advantageous for para-
metric models, wherein the optimization problem simpli-
fies conducting linear algebraic operations to align a given
model with the data. However, this approach poses several
challenges, with the primary obstacle being the necessity
for a fault-tolerant quantum computer equipped with a sub-
stantial number of error-corrected qubits to enable execution
[42].

Importantly, the primary focus of FT-QML is not to aug-
ment the learning capabilities of models but rather to expe-
dite computational speed in terms of worst-case theoretical
complexity relative to existing classical algorithms. This
is achieved by delegating to a quantum computer a single
heavy computational task that potentially requires a single
call to a quantum computer (as described in Fig. 2).

3.1.1 Quantum Linear Systems of Equations

HHL [28] constitutes a quantum algorithm designed to
approximate the preparation of a quantum superposition
denoted as |x), where x denotes the solution to a linear sys-
tem Ax = b, under the assumption of efficient preparation
of the state |b) and the application of the unitary transfor-
mation e, Its time complexity scales approximately as
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Fig.2 Schema for implementing a fault-tolerant quantum machine
learning approach based on the HHL algorithm. The first step
involves the model specification, where a preemptive assumption
is made about the linear relationship between the target variable of
interest and the basis expansion of the input feature x, such as in the
case of spline functions. The second step is to formulate a linear sys-
tem of equations of the form A|x) = |b). It is important to note that in
this context, the quantum state |x) does not correspond to the input x
but instead contains information about the classical set of parameters

Fitting

0. Once the linear system is established, the task of finding its solu-
tion is assigned to the HHL algorithm, which primarily comprises
three sub-steps: (i) state preparation, involving the quantum gate e’
and quantum state |b); (ii) execution of the HHL quantum circuit; and
(iii) post-processing of |x) to classically extract the relevant informa-
tion for estimating 6, (the swap-test in the case of quantum splines).
Finally, the parameters obtained through HHL are classically used to
estimate the function of interest

Table 1 Comparison of algorithms computational costs for solving a linear system of equations

Gauss Jordan Strassen

Coppersmith

Conjugate gradient HHL

O(N%) O(NZ.S) O(N2,37)

O(sN+/x [log(e)) O(s*k1log(N)/€)

In general, matrix inversion can be accomplished in polynomial time on classical devices [44—46] of size N. However, under several favorable
assumptions on k (condition number) and s (sparsity), it is possible to reduce computational costs using Conjugate Gradient [40, 47]

O(s*k?10g(N)/e), where N represents the system size, k
denotes the system’s condition number, s indicates its spar-
sity and e signifies the desired error [43]. Mathematically,
the objective of the HHL algorithm, given an N X N Hermi-
tian matrix A and a unit vector b, is to determine the solution
vector x that satisfies the equation:

Alx) = |b), (7

where vectors b and x are translated into the amplitudes of
the corresponding quantum registers |b) and |x).

Despite its exponential advantage concerning system
size over state-of-the-art classical alternatives [40, 44—47]
(a comprehensive description is shown in Table 1), several
caveats constrain its applicability to practical problems [48].
Firstly, it necessitates the matrix A to be sparse due to the
polynomial dependency on the level of sparsity s. Secondly,
data loading of the vector b into quantum superposition must
be achieved efficiently to preserve the computational advan-
tage for inverting A. Thirdly, the output is encoded in a quan-
tum state |x), where the coefficients’ approximation may be
prohibitive for large linear systems, as all entries of x are in
superposition. Fourthly, the condition number and sparsity
must scale at most sub-linearly with N. Finally, extracting
all N amplitudes of an N-dimensional quantum state requires
a number of measurements at least proportional to N. Thus,
if the goal is a complete reconstruction of a solution x, the
quantum algorithm cannot possess a significant advantage

over classical methods [48]. Nevertheless, the exponential
advantage in the size of the matrix A is something that is not
achievable classically, paving the way for the development
of quantum-supported algorithms that meet constraints on
other parameters and deliver an exponential speedup when
adopted for optimized parametric models in machine learn-
ing. In the following, we describe two methodologies that
utilize the HHL algorithm to achieve a computational advan-
tage over classical methods, while also introducing a method
for incorporating non-linearity using a quantum algorithm.

3.1.2 Least-square Support Vector Machines

In the context of least-squares SVMs (LS-SVMs) [24], the
optimization problem is reformulated into a least squares
problem, simplifying the solution process but necessitating
the inversion of the kernel Gram matrix (K). This matrix
encapsulates pairwise similarities between training samples
computed by the kernel function. LS-SVMs require solving
the following linear system of equations:

“(7)-0)

where y denotes the Lagrange multipliers and w, represents
the bias term. Notice that the generation of the matrix K
implicitly encodes the concept of a kernel, utilizing a spe-
cific feature map that enables the mapping of data from

@ Springer
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the input feature space to a higher-dimensional feature
space where data points become linearly separable (the
foundational assumption of SVMs), implicitly introducing
non-linearity.

Thus, training LS-SVMs consists of solving a convex quad-
ratic optimization problem (Eq. (8)) and is typically addressed
using classical algorithms, with computational complexity
polynomial in terms of the number of features (p) and train-
ing samples (N), and inversely proportional to the desired
accuracy (e), typically expressed as O(log(e~!)poly(p, N))
[49]. The adoption of HHL has been proposed to introduce a
quantum SVM protocol with time complexity of O(log(pN))
for both training and testing, achieved by leveraging principles
of quantum mechanics [23].

Despite the theoretical advantage, a fully operational quan-
tum SVM applicable to real-world datasets remains unreal-
ized. Nevertheless, the potential for quantum resources to sig-
nificantly reduce the computational burden of training SVMs
holds promise for expanding their applicability in various
machine learning tasks, as long as a fault tolerant quantum
computer for executing the HHL is available.

3.1.3 Quantum Splines for Non-linear Approximation

Spline functions [50] are methods for fitting non-linear func-
tions through the basis expansion of input features. Specifi-
cally, spline estimation involves segmenting data into intervals
defined by knots, with a polynomial fitted within each interval,
thus forming a piecewise polynomial regression. However, the
computational efficiency of spline methods based on truncated
basis functions is often suboptimal, which leads to a preference
for the B-splines approach in practical applications [51].
B-splines generate a design matrix characterized by a con-
sistent level of sparsity, which is determined by the degree
of the local polynomials. For a set of knots {&,,¢,, ..., &7},
a polynomial is fitted within each interval [&,, &, ] for
k=1,...,T — 1, without imposing continuity of derivatives
across knots. The model can be represented by a linear system:

Y1 Sy 0 - 0)(h
y=sp— |2 |=[0 % 0|

Vk 0 0 - Sg)\Bk
where ¥, represents function evaluations between &, and &,
by are spline coefficients, and S is a block diagonal matrix
with each block S, corresponding to basis functions in the
k-th interval. Solving this linear system yields spline coef-
ficients approximating the non-linear functions captured
in y. Therefore, the non-linear approximations through
spline functions fall within the parametric framework of
linear regression, enabling the estimation of the optimal

: ©)
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parameters f by solving a linear system of equations (as
shown in Eq. (5)).

Quantum Splines (QSplines) [14] extend B-splines to
quantum computing, aiming to leverage quantum algo-
rithms for function approximation. In order to experimen-
tally solve the linear system of equations (Eq. (9)) using
HHL, QSplines formulation exploits the fact that the inverse
of a block diagonal matrix remains block diagonal, with
corresponding inverse matrices in each block. Therefore,
QSplines implementation solves K 2 X 2 quantum linear
systems S;|f,) = |y,) instead of a single one for the entire
function. This approach overcomes the practical limitations
of available quantum simulators, enabling the calculation of
spline coefficients through quantum simulations.

The computation of a QSpline involves three steps. First,
HHL computes spline coefficients for the k-th interval:

_ . HHL .
SelBe) = 1Y) —— 1B) = S 1Fi)- (10)

Second, | §,) interacts with the quantum state encoding input
in the k-th interval via quantum interference. The scalar
product between | §;) and |x; ) is computed using the swap-
test [52]:

|ﬂk>|xi,k>|0>m |el>|e2>lfi,k)' (11)

At this point, amplitudes of quantum state |f;;) embed the
estimate of the activation function evaluated in x; ;. Third,
|f; ) is measured to obtain probability of state |0), depending
on dot product between g, and x; ;:

Ifix) = \/Pol0) + /1 11), (12)

where:

(Bl
+ =

1 lfi,k|2
2 2 '

3 13)

+

Po =

N =

Finally, the non-linear function estimate in correspondence
of x; is retrieved by back-transforming Eq. (13) to get f;,.
Notice that, the estimates are intrinsically bounded in the
interval [0, 1] since they are encoded as the amplitude of a
quantum state.

The development of QSplines holds significance in sev-
eral key areas. Firstly, the size of the linear system generated
by spline formulations escalates substantially, being directly
proportional to both the number of training points (assumed
to equal the number of knots) and the dataset’s feature count.
This scalability issue renders traditional spline methods
impractical for large-scale data problems, where the matrix
size becomes a critical factor in computational efficiency.

Secondly, when considering B-splines, the resulting lin-
ear system is characteristically sparse, which aligns well
with the HHL algorithm’s capability to exploit such sparsity
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for efficiency gains, particularly in terms of the parameter s.
Assuming the practical application of the HHL algorithm on
quantum hardware, the computational challenges associated
with spline functions could be significantly reduced. This
advancement opens the door to introducing non-linearity
by means of HHL, thus overcoming the constraint about the
unitarity of quantum computation.

3.2 Hybrid Quantum-Classical Machine Learning

The construction of full-scale, error-corrected quantum
devices still presents numerous technical challenges, and
implementing algorithms such as the HHL remains unfea-
sible given the current state of quantum technology. At
the same time, significant progress has been made in the
development of small-scale quantum computers, thus giv-
ing rise to the so-called Noisy Intermediate-Scale Quan-
tum (NISQ) era [38, 54]. Therefore, many researchers are
currently focusing on algorithms for NISQ machines that
may have an immediate impact on real-world applications.
Such machines, however, are still not sufficiently powerful
to be a credible alternative to the classical ones. For this rea-
son, hybrid computation was proposed to exploit near-term
devices to benefit from the performance boost expected from
quantum technologies. Quantum variational algorithms [55,
56] represent the most promising attempt in this direction,
and they are designed to tackle optimization problems using
both classical and quantum resources. The latter component
is referred to as variational circuit.

As discussed in Sect. 2, supervised learning problems
typically involve fitting a parameterized function to a train-
ing dataset. In the context of Hybrid QML, a hybrid compu-
tational approach employs Parametrized Quantum Circuits
(PQCs) to define a class of hypothesis functions. These
functions are used to estimate a target variable of interest
in a supervised learning setting, to achieve representational
capabilities beyond those of classical methods. The gen-
eral hybrid approach is illustrated in Fig. 3. The data, x,
are initially pre-processed on a classical device to deter-
mine a normalize input quantum state. Firstly, we consider
a feature encoding unitary U, : X — F that maps the input
vector x € X' to a n-qubit quantum state |¢(x)) = U (x)|0)
in the Hilbert space F of 2" X 2" Hermitian operators. Then,
the quantum hardware prepares a quantum state |¢(x)) and
computes U(0) with randomly initialized parameters 6. After
multiple executions of U(0) (ansatz), the classical compo-
nent post-processes the measurements and generates a pre-
diction f(x;0). Finally, the parameters are updated, and the
whole cycle is run multiple times in a closed loop between
the classical and quantum hardware. The strength of this
approach is the possibility of learning gate parameters ena-
bles the adaptation of the architecture for different use cases.

QUANTUM CLASSICAL
ey AL :
: ] 1 Cost 1
: : f(z; e) : E[Z/_f(l; e)] :
L0 Usl@) 4 UO) @0 ' :
P 10— m —~] ! ' Update |
: 1 I 1
' Quantum " : : I
] Embedding Ansatz eas. : ! :

Fig.3 Scheme of a hybrid quantum-classical algorithm for super-
vised learning (adapted from [53]). The quantum variational circuit
is depicted in green, while the classical component is represented in
blue

The Hybrid QML approach shares significant similarities
with the training of classical neural networks, notably in
their reliance on parameterized models, gradient-based opti-
mization techniques, and structured layers for approximating
complex functions. This common ground has paved the way
for the development of Quantum Neural Networks (QNNs),
which are essentially the use PQCs for machine learning
applications. The primary distinction between QNN based
on hybrid computation and classical neural networks lies
in the execution of function calls to f(x;0): in the former,
a PQC is employed, while in the latter, a classical neural
model is used. This subtle yet fundamental difference aims
to leverage the unique capabilities of quantum computing,
potentially offering advantages in processing efficiency and
learning capabilities for specific tasks.

It is important to note the distinction between FT-QML
and Hybrid QML based on PQCs. While FT-QML primarily
leverages the quantum component to expedite the training
process, the use of PQCs in QML seeks to identify problem
classes that are intractable for classical approaches from a
learning perspective. Furthermore, another significant dif-
ference lies in the frequency of calls to a quantum computer
during the training procedure. In the case of FT-QML, the
(error-corrected) quantum computer is usually invoked only
once to solve the linear system of equations encoding the
training data. In the hybrid approach, the quantum com-
puter is tasked with making (at least) one call to the function
f(x;0) for each iteration of the training process.

3.2.1 Quantum Models as Kernel Methods

In the implementation of QNNss, the initial step involves rep-
resenting data in the form of a quantum state, a process for
which various methodologies have been proposed [57]. Prior
research has established a link between quantum computa-
tional models and kernel methods from classical machine
learning [58, 59]. For example, in the context of SVMs,
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the objective is to identify the optimal hyperplane that
can separate data points of differing classes within a high-
dimensional feature space ¢(-). The kernel trick employed
by SVMs facilitates the implicit mapping of input features
to this higher-dimensional space, computing only the inner
products between the transformed feature vectors explicitly.

Conversely, when encoding data into a quantum state,
the mapping of the input x is executed explicitly through
the definition of a series of quantum gates U, (x). This
explicit approach contrasts with the implicit nature of the
kernel trick in classical SVMs, highlighting a fundamental
difference in how data transformation is achieved in quan-
tum versus classical machine learning paradigms. Still, this
similarity allows studying quantum kernels using the RKHS
framework [22], making a strong methodological connection
between the two approaches.

In concrete terms, quantum kernels offer two dis-
tinct methodologies for enhancing machine learning
tasks [35]. The first strategy involves utilizing a quantum
device to estimate the inner products of quantum states
k(x®, x) = (p(x?), p(x)) in Eq. (6), thereby facilitating the
computation of a kernel that may be classically intractable.
This quantum-derived kernel undergoes subsequent classi-
cal post-processing and integrates into traditional machine
learning frameworks to predict the target variable of interest.
It is crucial to note that in this scenario, the quantum com-
ponent primarily augments the kernel computation, which
is subsequently applied within conventional kernel-based
methods, as illustrated in Eq. 6.

Conversely, the second approach employs a PQC as an
explicit classifier within the Hilbert space. Here, the PQC
operates as a linear model, directly classifying data points
by leveraging the high-dimensional space of quantum states.
This method stands in contrast to the kernel-based approach
by providing a more direct utilization of quantum computa-
tional resources for supervised tasks.

In the outlined quantum methodologies, both can be con-
ceptualized as families of hypotheses, wherein the objective
is to identify a function within the RKHS framework [22]
that exhibits optimal learning performance. Notably, beyond
the aforementioned quantum approaches, the technique of
data re-uploading [60] has recently gained recognition for its
efficacy in accommodating inputs of varying sizes in relation
to the number of qubits. This method serves as a univer-
sal approximator and still is theoretically aligned with the
RKHS framework for quantum kernels [61].

Therefore, when interpreting QML models as kernel-
based methodologies, the objective centers on delineating
kernel functions that, while challenging to compute via
classical means, can be adeptly realized through the utiliza-
tion of shallow PQCs. While empirical validation for such
kernels has been demonstrated in the case of contrived,
problem-specific scenarios [62], a definitive demonstration
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of quantum advantage through this modality on real applica-
tions remains elusive.

3.2.2 Classical-Inspired Quantum Models

An alternative strategy in building hybrid QML models
based on PQCs involves the development of parameterized
ansitze inspired by classical machine learning techniques.
A prime example of this approach are the Quantum Con-
volutional Neural Networks (QCNNs) [63], which draw
inspiration from its classical counterpart. In a QCNN, an
unknown quantum state, denoted by p;,,, is fed as input into
the circuit. The first stage involves a quantum convolution
layer that applies a quasi-local unitary operation, U,, across
the input in a translationally invariant manner, ensuring a
finite depth of the network. Subsequent pooling is achieved
by measuring a subset of qubits, with the outcomes of these
measurements guiding the application of unitary rotations on
adjacent qubits. This mechanism aim to introduce nonlinear
dynamics into the QCNN by reducing the system’s degrees
of freedom as it progresses through the layers. The process
of convolution and pooling is iterated until the quantum sys-
tem is reduced to a sufficiently small size. At this juncture, a
fully connected layer, characterized by a unitary transforma-
tion is applied to the remaining qubits. The QCNN’s output
is then derived from measurements performed on a specific
set of output qubits.

Mirroring the design principles of classical Convolutional
Neural Networks (CNNs), the architecture of a QCNN,
including the number and arrangement of convolution and
pooling layers, is predefined. The unitary transformations
within the network are the variables optimized during the
learning phase. As a result, a QCNN configured to clas-
sify N-qubit input states is distinguished by a parameter
complexity of O(log(NV)), indicating a scalable and efficient
framework for quantum machine learning [63].

Notably, QCNNs have demonstrated good generalization
performance even when trained on a limited set of training
data for supervised classification of quantum states [64].
Although the application domain is primarily relevant to
physics, the ability to train a model with a significantly
small amount of training data is a crucial aspect of classical
machine learning.

An alternative approach to QCNNS involves constructing
a quantum ansatz capable of generating a quantum state that
mirrors the output of classical single-layer neural networks
[26, 53, 65]. Given the universal approximation capability
of these networks [66], this strategy is particularly compel-
ling for foundational model development in QML. In this
vein, a universal and efficient framework has been proposed
[65] that emulates the outputs of various classical supervised
algorithms through quantum computation. This framework
is versatile, supporting a wide array of functions, and could
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act as the quantum analog to classical models that aggregate
multiple and diverse functions. From a computational per-
spective, this framework enables the creation of an exponen-
tially large set of parametrized transformations of the input
data. Importantly, the increase in the quantum circuit’s depth
that is required for this capability is only linear. Notable
examples include the quantum versions of the classical sin-
gle-layer perceptron [26, 53] and quantum ensembles [67].

4 Current Focus in Quantum Machine
Learning

In the previous section, we explored various strategies for
applying quantum computing to supervised learning tasks,
which can be approached through multiple methodologies.
This section outlines the current areas of focus in QML
research, which include the challenges related to training
these models and the complexity of establishing methodo-
logical metrics that can lead to quantum advantage. Particu-
lar attention is given to QNNs and Quantum Kernels, which,
given the current state of quantum technology, are the most
promising for finding a potential advantage in the near term.

4.1 Inductive Bias of Quantum Models

In machine learning, inductive bias plays a crucial role in
guiding algorithms towards effective generalization from
training data to unseen instances [68, 69]. Usually, the
inductive bias of a model is integrated into the functional
form of f(x;0) which aims to estimate the target variable
of interest. For instance, the inductive bias of parametric
models such as those based on linear regression is the linear
relationship between the input features (or their augmented
version) and the target variable. In SVMs, the assumption is
that the data can be separated by a hyperplane in the feature
space with as wide a margin as possible. Other examples of
inductive bias are for example local similarity rather than
global structure in k-nearest neighbors or the layered struc-
ture of Neural Networks, which assume that data can be
represented in a hierarchy of increasingly abstract features,
allowing them to capture complex patterns and interactions
among features. Each of these algorithms’ inductive biases
influences their approach to learning and their effective-
ness in different problem settings, highlighting the impor-
tance of aligning the chosen model with the underlying data
structure.

Recently, the exploration of inductive bias in QML mod-
els has been proposed as a promising avenue to achieve
quantum advantage [70]. Similar to classical approaches,
inductive bias in QML significantly influences the design
and application of quantum algorithms for specific tasks.
In the quantum domain, inductive bias can stem from three

different sources. First, the method chosen for data embed-
ding, since, as explained in the previous sections, encoding
classical data into quantum states corresponds to selecting
a specific kernel [59]. Second, the architecture of the quan-
tum circuit including the choice of quantum gates and their
configuration, embodies certain presuppositions about the
data distribution or the nature of the computational problem.
This structural choice inherently biases the model towards
specific solutions or interpretations of the data (as discussed
in Sect. 3.2.2). Third, the approach to measuring qubits, or
the measurement strategy, both during the training phase
and inference, can significantly influence the model’s induc-
tive bias. Variations in measurement techniques can provide
diverse insights into the quantum state, affecting the subse-
quent post-processing steps needed to derive the estimation
f(x:;0) [71]. These differences directly impact the learning
dynamics and the algorithm’s ability to generalize.

Importantly, indications of a potential quantum advantage
via inductive bias are primarily found in scenarios where
knowledge about the problem is integrated into quantum cir-
cuits [70]. Such advantages are more plausible when work-
ing with data generated by quantum processes, yet they tend
to be less evident in classical datasets.

4.2 Surrogates Models

Training a quantum model using hybrid computation
requires access to a quantum computer not only during the
training phase but also for making predictions on new data.
This requirement may be impractical for many real-world
applications, considering that quantum computing resources
will primarily be accessed through cloud-based services.
Recently, the concept of a classical surrogate or shadow
models [72, 73] has been introduced. These are classical
models derived from quantum models after training, capable
of mimicking the quantum model’s behavior. This approach
has been applied to a certain type of QML models based on
the data-reuploading technique for data embedding, making
them suitable for classical surrogation [73]. With a classi-
cal surrogate, the need for quantum hardware is limited to
the training phase, highlighting the importance of achiev-
ing quantum advantages, only with respect to faster learning
(e.g., the number of iterations in the the optimization) or
better generalization.

However, the ability to create classical surrogates raises
questions about the unique benefits of quantum methods. If
classical surrogates can perform the same tasks, quantum
models need to offer significant advantages in areas like
generalization to justify their use. In this respect, recent
works have shown that combining quantum models with
classical shadow tomography techniques can tackle certain
learning challenges that are beyond the reach of purely
classical models, based on well-established cryptographic
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assumptions [72]. This indicates that while classical surro-
gates can replicate many aspects of quantum models, there
may still be unique advantages to quantum approaches,
particularly for specific types of learning tasks.

4.3 On Quantum Trainability

The exploration of quantum machine learning algorithms
as kernel methods or the implementation of surrogate
models aims to determine the types of problems where
near-term quantum computing can provide a practical
advantage in machine learning. A fundamental assumption
in these approaches is the efficiency in training quantum
models, positing that it should be comparable to or better
than that of classical models. However, this assumption
encounters challenges specifically related to gradient-
based optimization methods used in training quantum
circuits.

4.3.1 Barren Plateau Problem

The problem of barren plateau [74] emerges from the
exponentially decreasing gradients of the cost function
with respect to the parameters in quantum neural networks
(QNNs). In the case of a single-qubit QNN, the cost func-
tion C(0) is influenced by the parameters 6, and the goal
during training is to minimize this function. The gradient of
C(6) with respect to 0 is represented as V,C(6). The issue
becomes pronounced when V,C() is negligibly small across
a vast area of the parameter space. This is particularly criti-
cal in deep QNNs that contain multiple qubits and layers,
leading to a substantial increase in the parameter count.
This phenomenon mirrors the vanishing gradient problem
observed in classical neural networks, where the gradients of
the cost function relative to the parameters diminish expo-
nentially during backpropagation through several layers.
Specifically, the vanishing gradient problem impedes the
learning process as these gradients approach very small val-
ues. Although both issues involve diminishing gradients, the
barren plateau in QNN is attributed to the intrinsic proper-
ties of quantum circuits and the optimization landscape’s
structure. In contrast, the vanishing gradient problem in
classical neural networks mainly results from the activation
functions’ characteristics and the network’s depth.
Addressing the barren plateau challenge requires spe-
cialized approaches tailored to quantum systems’ unique
properties [75, 76]. Furthermore, this issue raises signifi-
cant concerns about the non-classical information process-
ing capabilities of parameterized quantum circuits in barren
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plateau-free landscapes and the potential for superpolyno-
mial advantages when executed on quantum hardware [76].

4.3.2 Lack of Quantum Backpropagation

In classical deep learning, state-of-the-art models are
trained using backpropagation, a method that efficiently
computes gradients with computational and memory
resources proportional to those required for calculating
the function f that the neural network aims to approximate
[1, 77, 78]. Specifically, the time to calculate gradients
for all parameters is at most the time to compute f, scaled
by a factor logarithmically related to the total number of
parameters. This efficiency is pivotal for training large
models, playing a significant role in the success of deep
learning, especially in highly overparameterized settings
[32].

For quantum neural networks, the standard training
approach on real quantum hardware involves the parameter
shift rule to obtain gradients for parameterized quantum
circuits [79]. Considering a quantum gate parameterized
by a scalar 6, represented as U() = e~F, where P is the
gate’s generator (often a Pauli matrix), the parameter shift
rule enables computing the gradient of an expectation
value (y(0)|0|w(0)), which is the classical output from a
quantum circuit post-measurement, with respect to 6. This
is formally given by:

%0) _1

ot =5 ((0)s =<0y ). (14)

Here, (O),_ = represents the expectation value of the observ-
-2

able O when the circuit is run with the parameter 8 adjusted
by i%. Therefore, to estimate the gradient of a single param-
eter using this rule, the quantum circuit must be executed
twice: once with the parameter incremented by +Z and once
with it decremented by —%. For a quantum circuit with M
parameters, a total of 2 M executions are necessary to com-
pute the gradients for all parameters. This computational
cost associated with the parameter shift rule escalates rap-
idly for quantum circuits that have a large number of param-
eters, posing a significant challenge to the efficiency of train-
ing quantum models [80]. This problem is exacerbated by
the barren plateau phenomenon, in which the magnitudes of
gradients become increasingly small, further complicating
the training process. Although recent studies suggest that
improved scaling may be achievable through techniques such
as shadow tomography [80], these scaling challenges indi-
cate that the overparameterization strategy, which has been
effective in classical neural networks, might not be directly
applicable to quantum models. This is primarily due to the
exponential growth in computational and memory demands
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required for gradient calculations in extensive quantum
systems.

5 Promising Research Trajectories

The current trend in quantum machine learning research
primarily revolves around theoretical exploration, utilizing
classical machine learning and quantum information theory
tools to dissect the intricacies of novel quantum models.
This interdisciplinary method strives to deepen our grasp of
quantum models from a learning theory perspective. How-
ever, relying solely on theoretical analysis might not suffice
to unravel fundamental questions about how quantum com-
puting could enhance learning algorithms.

Historically, machine learning advancements have largely
stemmed from empirical methods, where training large-scale
models provides valuable insights. This hands-on approach
faces challenges in the quantum realm due to the nascent
state of quantum technologies. Moreover, classical machine
learning benefits from a robust theoretical foundation that
aids in choosing specific models for particular problems, an
aspect of sophistication QML is yet to achieve.

Here we outline two distinct research directions that hold
promise for advancing the field. Insights gained from quan-
tum investigations in these areas could significantly enhance
machine learning research and potentially unlock quantum
advantages.

5.1 Learn from (Classical) Experience

The core principle of integrating quantum computing into
supervised learning lies in leveraging computations that
present exponential challenges in classical settings. This
integration is facilitated by the relationship between quan-
tum models and kernel methods, enabling the mapping of
data into the high-dimensional Hilbert spaces that quantum
computation provides. However, it is important to note that
classical machine learning also utilizes kernel methods
to implicitly operate within high- or infinite-dimensional
function spaces [81]. Moreover, according to classical lit-
erature, neural networks almost systematically outperform
kernel methods [82]. Thus, identifying a quantum kernel that
classical approaches find intractable does not necessarily
mean that it will outperform neural networks. Consequently,
focusing solely on the expressiveness of quantum machine
learning models [83, 84] does not fully address the potential
scenarios where a quantum advantage could be achieved.
In this context, it may be beneficial to look beyond ker-
nel methods and explore the fundamental components of
the hypothesis classes that parametrized quantum circuits
offer. For example, the foundational model for modern neu-
ral networks is the single-layer perceptron (SLP). Despite its

simplicity compared to the complex architectures, the SLP
model can be highly expressive. According to the universal
approximation theorem [66], an SLP with a non-constant,
bounded, and continuous activation function can approxi-
mate any continuous function within a closed and bounded
subset, assuming a sufficient number of hidden neurons
are available. However, despite this significant theoretical
insight, SLPs are seldom used in practice due to the imprac-
ticality of managing large numbers of hidden neurons on
classical devices. Thus a relevant question in the quantum
domain needs to be asked, which is:

Is there a quantum universal approximator capable of
estimating any (classical) function?

Various efforts have been made in this direction; some
attempt to adapt the SLP concept to quantum settings [26,
53, 85, 86], while others employ PQCs to devise general
methods for nonlinear approximations [13, 87]. Yet, a defini-
tive answer remains elusive. Nevertheless, identifying the
“quantum equivalent”of the perceptron, which can act as a
core model to build upon, might be a crucial stepping stone,
just as it was for classical neural networks.

Another domain where QML practitioners might find
valuable insights from classical literature is optimization.
As highlighted in Sect. 4.3, the efficiency of current quan-
tum methods for gradient estimation falls short of classical
backpropagation. Consequently, assessing the capabilities
of a quantum model by directly comparing it to its classical
counterpart, based solely on the number of parameters or
any derived theoretical measure (e.g., effective dimension
[84]), may not yield a fair evaluation. A more reasonable
approach would be to compare quantum and classical mod-
els within specific contexts, acknowledging that classical
models can be trained in an overparameterized regime, a
luxury that quantum models do not match. This compari-
son could lead to more meaningful insights into the relative
strengths and limitations of quantum models.

Furthermore, the issue of vanishing gradients did not
deter the widespread adoption of neural networks; instead,
it led to the development of various strategies to overcome
this challenge. These strategies include the selection of acti-
vation functions that are less prone to vanishing gradients,
careful weight initialization techniques, and the design of
architectures specifically aimed at mitigating this issue.
Therefore, rather than solely focusing on scenarios where
the barren plateau phenomenon is absent [76, 88], it may be
more pragmatic to acknowledge that the problem of barren
plateaus is likely to persist and to explore specific mitiga-
tion strategies.

The aforementioned approaches are grounded in a robust
experimental approach, which seeks to identify specific
(classical) settings that resonate with the classical machine
learning community, as opposed to a purely methodological
perspective.
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5.2 Building on the Shortcomings of Classical
Methods

Two of the main drawbacks of modern neural networks are
their substantial demand for training data and the extensive
computational resources needed for training. These models
typically require large datasets to learn effectively, posing a
considerable challenge in fields where data may be rare, sen-
sitive, or costly to acquire. Additionally, the training process
is resource-intensive, often necessitating millions of itera-
tions to reach peak performance. In light of these limitations,
an intriguing question arises:

Can quantum models perform well in scenarios where
labeled data is scarce, and a less data-intensive approach
is preferred?

Initial strides in this direction suggest promise. Recent
studies have initiated exploration in this area [89, 90].
One investigation [89], capitalizing on the classical com-
putational complexity associated with discrete logarithms
has shown that with suitable feature mapping, a quantum
computer could learn the target function with exponentially
fewer data points than what would be feasible for any classi-
cal algorithm. Concurrently, another study [91] delved into
generalization bounds and identified that the high expres-
siveness of quantum models could potentially hamper gen-
eralization. This insight led to the development of a heuristic
aimed at optimizing dataset labels to enhance the learnabil-
ity of the dataset by quantum computers, thereby challenging
classical counterparts. Also, evidence indicates that quantum
models might achieve comparable generalization to classical
models with far fewer training examples [64]. This potential
for efficiency in learning from limited data offers a com-
pelling avenue for further exploration in quantum machine
learning. Thus, instead of generating synthetic data for test-
ing quantum models, or using a small subset from large
datasets, an alternative approach could be to compare the
performance of classical and quantum models in scenarios
characterized by a scarcity of annotated data.

Another strategy might involve restricting the number
of training iterations. For inference with large models, it
could prove more practical to train a quantum model with a
limited number of parameters and then derive classical sur-
rogates from it. All these approaches should be underpinned
by experimental evidence, which, despite being challenging
to obtain, remains within the realm of feasibility.

Furthermore, there is a noticeable bias toward physical
problems in quantum machine learning, stemming from
its origins in quantum physics rather than as a discipline
focused on learning. This bias is reflected in the numerous
theoretical studies and the limited scope of experimental
approaches. Although simulating quantum systems is chal-
lenging-which is a primary reason for the need for quantum
computers [92]-current simulation tools can handle a few
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tens of qubits, allowing for training at a scale somewhat
comparable to classical methods. Yet, the standard practice
often involves using just a few qubits to demonstrate the
viability of a proposed method rather than to showcase any
potential advantage.

6 Conclusion

In this paper, we have explored quantum machine learning
through a classical lens. We began with a general overview
of supervised learning problems, distinguishing between
parametric and non-parametric methods. This distinction is
crucial in the quantum context, leading to two distinct QML
approaches. Parametric methods in quantum computing
often involve convex optimization procedures that translate
into solving linear systems of equations, where the Harrow-
Hassidim-Lloyd (HHL) algorithm enables exponentially
faster quantum routines. This approach, known as Fault-
Tolerant Quantum Machine Learning (FT-QML), hinges on
the successful execution of the HHL algorithm, requiring
a fault-tolerant quantum computer. Its key characteristics
include a single quantum computation for parameter estima-
tion and learning capabilities that mirror classical methods.

With the advent of NISQ devices, a new approach has
emerged based on hybrid quantum-classical computation.
Here, a parametrized quantum circuit is treated as a black
box, with parameters iteratively adjusted through training to
minimize the cost function and enhance generalization. This
method leverages the quantum computer for each optimiza-
tion iteration, holding the promise of surpassing classical
learning capabilities by exploiting QNNs.

We also highlighted the ongoing quest for a quantum
advantage in QML research, amidst challenges in scaling
optimization compared to classical neural networks. Discus-
sions included the relationship between quantum models and
kernel methods, and the use of surrogate models. Our aim
was to provide a fresh perspective on QML research, advo-
cating for a constructive dialogue with classical machine
learning principles to address problems of mutual interest,
and ensuring that advancements are beneficial in the near
term.

In conclusion, contrary to some assertions in the QML
literature, the current state of research does not definitively
favor quantum models over classical ones. The true poten-
tial of quantum advantage may only be realized with the
availability of fault-tolerant quantum computers. However,
similar to the evolution of classical machine learning and
neural networks, where methodological advancements
often spur hardware developments, we believe a parallel
trajectory is plausible for QML. It is reasonable to antici-
pate that the maturation of quantum machine learning will
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not only benefit from concurrent hardware improvements
but may also influence the direction of these technological
advancements.

Data availability The research presented in this paper did not involve
any data collection or analysis. Hence, there are no data available.

Declarations

Conflict of interest The authors have no conflicts of interest to dis-
close.

References

10.

11.

12.

13.

14.

15.

16.

17.

18.

LeCun Y, Bengio Y, Hinton G (2015) Deep learning. Nature
521(7553):436-444

Krizhevsky A, Sutskever I, Hinton GE (2012) Imagenet classifi-
cation with deep convolutional neural networks. Adv Neural Inf
Process Syst 25

Thompson NC, Greenewald K, Lee K, Manso GF (2020) The
computational limits of deep learning. arXiv preprint arXiv:2007.
05558

Chambers JM (2017) Linear models. In Statistical models in S,
pp 95-144. Routledge

Hofmann T, Scholkopf B, Smola AJ (2008) Kernel methods in
machine learning. Ann Stat 36(3):1171-1220

Boser BE, Guyon IM, Vapnik VN (1992) A training algorithm
for optimal margin classifiers. In Proceedings of the fifth annual
workshop on Computational learning theory, pp 144-152

Nair V, Hinton GE (2010) Rectified linear units improve restricted
Boltzmann machines. In Proceedings of the 27th international
conference on machine learning (ICML-10), pp 807-814

Glorot X, Bengio Y (2010) Understanding the difficulty of training
deep feedforward neural networks. In Proceedings of the thir-
teenth international conference on artificial intelligence and sta-
tistics, pp 249-256. JIMLR Workshop and Conference Proceedings
Nielsen MA, Chuang IL (2010) Quantum computation and quan-
tum information. Cambridge University Press

Reddy P, Bhattacherjee AB (2021) A hybrid quantum regression
model for the prediction of molecular atomization energies. Mach
Learn 2(2):025019

Wang C-CJ, Bennink RS (2023) Variational quantum regression
algorithm with encoded data structure. arXiv preprint arXiv:2307.
03334

Schuld M, Bocharov A, Svore KM, Wiebe N (2020) Circuit-cen-
tric quantum classifiers. Phys Rev A 101(3):032308

Inajetovic MA, Orazi F, Macaluso A, Lodi S, Sartori C (2023)
Enabling non-linear quantum operations through variational quan-
tum splines. In: Mikyska J, de Mulatier C, Paszynski M, Krzhizh-
anovskaya VV, Dongarra JJ and Sloot PMA (eds) Computational
Science — ICCS 2023, pp 177-192, Cham, 2023. Springer Nature
Switzerland

Macaluso A, Clissa L, Lodi S, Sartori C (2020) Quantum splines
for non-linear approximations. In Proceedings of the 17th ACM
International Conference on Computing Frontiers, pp 249-252
Bishop CM (2006) Pattern recognition and machine learning
(information science and statistics). Springer-Verlag, Berlin
Vapnik V (1991) Principles of risk minimization for learning
theory. Adv Neural Inf Process Syst 4

Russell SJ, Norvig P (2010) Artificial intelligence a modern
approach. London

Kutner MH (2005) Applied linear statistical models. McGrwa-Hill
international edition. McGraw-Hill, Irwin

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

. Hastie T, Tibshirani R, Friedman J (2001) The elements of sta-

tistical learning. Springer series in statistics. Springer New York
Inc., New York

Hastie T, Tibshirani R, Friedman J, Hastie T, Tibshirani R,
Friedman J (2009) Basis expansions and regularization. The
elements of statistical learning: data mining, inference, and pre-
diction, pp 139-189

De Boor C, De Boor C, Mathématicien E-U, De Boor C, De
Boor C (1978) A practical guide to splines, vol 27. Springer-
verlag, New York

Smola AJ, Scholkopf B (1998) Learning with kernels, vol 4.
Citeseer

Rebentrost P, Mohseni M, Lloyd S (2014) Quantum sup-
port vector machine for big data classification. Phys Rev Lett
113(13):130503

Ye J, Xiong T (2007) Svm versus least squares svm. In Artificial
intelligence and statistics, pp 644-651. PMLR

Wang G (2017) Quantum algorithm for linear regression. Phys
Rev A 96:012335

Macaluso A, Clissa L, Lodi S, Sartori C (2020) A variational
algorithm for quantum neural networks. In: Computational Sci-
ence—-ICCS 2020: 20th International Conference, Amsterdam,
The Netherlands, June 3-5, 2020, Proceedings, Part VI 20, pp
591-604. Springer

Mengoni R, Di Pierro A (2019) Kernel methods in quantum
machine learning. Quant Mach Intell 1(3):65-71

Harrow AW, Hassidim A, Lloyd S (2009) Quantum algorithm
for linear systems of equations. Phys Rev Lett 103:150502
Vapnik V, Levin E, Le Cun Y (1994) Measuring the vc-dimen-
sion of a learning machine. Neural Comput 6(5):851-876
Berezniuk O, Figalli A, Ghigliazza R, Musaelian K (2020) A
scale-dependent notion of effective dimension. arXiv preprint
arXiv:2001.10872

Zhang C, Bengio S, Hardt M, Recht B, Vinyals O (2021) Under-
standing deep learning (still) requires rethinking generalization.
Commun ACM 64(3):107-115

Allen-Zhu Z, Li Y, Liang Y (2019) Learning and generalization
in overparameterized neural networks, going beyond two layers.
Adv Neural Inf Process Syst 32

Zhang C, Bengio S, Moritz H, Recht B, Oriol V (2017) Under-
standing deep learning requires rethinking generalization. In
International Conference on Learning Representations
Neyshabur B, Bhojanapalli S, Mcallester D, Srebro N (2017)
Exploring generalization in deep learning. In: Guyon I, Von
Luxburg U, Bengio S, Wallach H, Fergus R, Vishwanathan S,
Garnett R (eds) Advances in neural information processing sys-
tems, vol 30. Curran Associates, Inc

Schuld M, Petruccione F (2021) Fault-tolerant quantum machine
learning. Springer International Publishing, Cham, pp 247-272
Gujju Y, Matsuo A, Raymond R (2023) Quantum machine
learning on near-term quantum devices: current state of super-
vised and unsupervised techniques for real-world applications.
arXiv preprint arXiv:2307.00908

Wang Y, Liu J (2024) Quantum machine learning: from nisq to
fault tolerance. arXiv preprint arXiv:2401.11351

Cheng B, Deng X-H, Xiu G, He Yu, Guangchong H, Huang P,
LiJ, Lin B-C, Dawei L, Yao L et al (2023) Noisy intermediate-
scale quantum computers. Front Phys 18(2):21308

Preskill J (2018) Quantum computing in the nisq era and
beyond. Quantum 2:79

Ciliberto C, Herbster M, lIalongo AD, Pontil M, Rocchetto A,
Severini S, Wossnig L (2018) (2209) Quantum machine learn-
ing: a classical perspective. Proc R Soc A 474:20170551
Biamonte J, Wittek P, Pancotti N, Rebentrost P, Wiebe N, Lloyd
S (2017) Quantum machine learning. Nature 549(7671):195

@ Springer


http://arxiv.org/abs/2007.05558
http://arxiv.org/abs/2007.05558
http://arxiv.org/abs/2307.03334
http://arxiv.org/abs/2307.03334
http://arxiv.org/abs/2001.10872
http://arxiv.org/abs/2307.00908
http://arxiv.org/abs/2401.11351

290

Kl - Kiinstliche Intelligenz (2024) 38:277-291

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

Paler A, Devitt SJ (2015) An introduction into fault-tolerant quan-
tum computing. In Proceedings of the 52nd Annual Design Auto-
mation Conference, pp 1-6

Wiebe N, Braun D, Lloyd S (2012) Quantum algorithm for data
fitting. Phys Rev Lett 109(5):050505

Biirgisser P, Clausen M, Shokrollahi MA (2013) Algebraic com-
plexity theory, vol 315. Springer Science & Business Media
Coppersmith D, Winograd S (1987) Matrix multiplication via
arithmetic progressions. In Proceedings of the nineteenth annual
ACM symposium on Theory of computing, pp 1-6

Strassen V (1969) Gaussian elimination is not optimal. Numer
Math 13(4):354-356

Shewchuk JR et al (1994) An introduction to the conjugate gradi-
ent method without the agonizing pain

Aaronson S (2015) Read the fine print. Nat Phys 11(4):291
Abdiansah A, Wardoyo R (2015) Time complexity analysis of
support vector machines (svm) in libsvm. Int J Comput Appl
128(3):28-34

de Boor C (1978) A practical guide to splines. Springer Verlag,
New York

De Boor C (1972) On calculating with b-splines. J Approx Theory
6(1):50-62

Buhrman H, Cleve R, Watrous J, de Wolf R (2001) Quantum
fingerprinting. Phys Rev Lett 87:167902

Macaluso A, Orazi F, Klusch M, Lodi S, Sartori C (2022) A vari-
ational algorithm for quantum single layer perceptron. In Interna-
tional Conference on Machine Learning, Optimization, and Data
Science, pp 341-356. Springer

Kishor B, Alba C-L, Ha KT, Tobias H, Sumner A-L, Abhinav A,
Matthias D, Hermanni H, Kottmann Jakob S, Tim M et al (2022)
Noisy intermediate-scale quantum algorithms. Rev Mod Phys
94(1):015004

Wecker D, Hastings MB, Troyer M (2015) Progress towards prac-
tical quantum variational algorithms. Phys Rev A 92:042303
Moll N, Barkoutsos P, Bishop LS, Chow JM, Cross A, Egger
DJ, Filipp S, Fuhrer A, Gambetta JM, Ganzhorn M et al (2018)
Quantum optimization using variational algorithms on near-term
quantum devices. Quant Sci Technol 3(3):030503

Weigold M, Barzen J, Leymann F, Salm M (2021) Encoding pat-
terns for quantum algorithms. IET Quant Commun 2(4):141-152
Gil-Fuster E, Eisert J, Dunjko V (2023) On the expressivity of
embedding quantum kernels. arXiv preprint arXiv:2309.14419
Schuld M (2021) Supervised quantum machine learning models
are kernel methods. arXiv preprint arXiv:2101.11020
Pérez-Salinas A, Cervera-Lierta A, Gil-Fuster E, Latorre JI (2020)
Data re-uploading for a universal quantum classifier. Quantum
4:226

Jerbi S, Fiderer LJ, Nautrup HP, Kiibler JM, Briegel HJ, Dunjko
V (2023) Quantum machine learning beyond kernel methods. Nat
Commun 14(1):517

Havlicek V, Cércoles AD, Temme K, Harrow AW, Kandala A,
Chow JM, Gambetta JM (2019) Supervised learning with quan-
tum-enhanced feature spaces. Nature 567(7747):209-212

Cong I, Choi S, Lukin MD (2019) Quantum convolutional neural
networks. Nat Phys 15(12):1273-1278

Caro MC, Huang H-Y, Cerezo M, Sharma K, Sornborger A, Cin-
cio L, Coles PJ (2022) Generalization in quantum machine learn-
ing from few training data. Nat Commun 13(1):4919

Macaluso A, Klusch M, Lodi S, Sartori C (2023) Maqa: a quan-
tum framework for supervised learning. Quantum Inf Process
22(3):159

Hornik K, Stinchcombe M, White H (1989) Multilayer feed-
forward networks are universal approximators. Neural Netw
2(5):359-366

Springer

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

7.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

Macaluso A, Clissa L, Lodi S, Sartori C (2024) An efficient quan-
tum algorithm for ensemble classification using bagging. IET
Quant Commun 1-16

Baxter J (2000) A model of inductive bias learning. J Artific Intell
Res 12:149-198

Utgoff PE (2012) Machine learning of inductive bias, vol 15.
Springer Science & Business Media

Kiibler J, Buchholz S, Scholkopf B (2021) The inductive bias of
quantum kernels. Adv Neural Inf Process Syst 34:12661-12673
Schuld M, Bocharov A, Svore K, Wiebe N (2018) Circuit-centric
quantum classifiers. arXiv preprint arXiv:1804.00633

Jerbi S, Gyurik C, Marshall SC, Molteni R, Dunjko V (2023)
Shadows of quantum machine learning. arXiv preprint arXiv:
2306.00061

Schreiber Franz J, Jens E, Jakob MJ (2023) Classical surrogates
for quantum learning models. Phys Rev Lett 131(10):100803
McClean JR, Boixo S, Smelyanskiy VN, Babbush R, Neven H
(2018) Barren plateaus in quantum neural network training land-
scapes. Nat Commun 9(1):4812

Kulshrestha A, Safro I (2022) Beinit: avoiding barren plateaus
in variational quantum algorithms. In 2022 IEEE International
Conference on Quantum Computing and Engineering (QCE), pp
197-203. IEEE

Cerezo M, Larocca M, Garcia-Martin D, Diaz NL, Braccia P,
Fontana E, Rudolph MS, Bermejo P, Ijaz A, Thanasilp S et al
(2023) Does provable absence of barren plateaus imply classical
simulability? Or, why we need to rethink variational quantum
computing. arXiv preprint arXiv:2312.09121

Rumelhart DE, Hinton GE, Williams RJ (1986) Learning repre-
sentations by back-propagating errors. Nature 323(6088):533-536
LeCun Y, Boser B, Denker J, Henderson D, Howard R, Hubbard
W, Jackel L (1989) Handwritten digit recognition with a back-
propagation network. Adv Neural Inf Process Syst 2

Crooks GE (2019) Gradients of parameterized quantum gates
using the parameter-shift rule and gate decomposition. arXiv
preprint arXiv:1905.13311

Abbas A, King R, Huang H-Y, Huggins WJ, Movassagh R, Gilboa
D, McClean J (2024) On quantum backpropagation, information
reuse, and cheating measurement collapse. Adv Neural Inf Process
Syst 36

Shawe-Taylor J, Cristianini N (2004) Kernel methods for pattern
analysis. Cambridge University Press

Ghorbani B, Mei S, Misiakiewicz T, Montanari A (2020) When
do neural networks outperform kernel methods? Adv Neural Inf
Process Syst 33:14820-14830

Schuld M, Sweke R, Meyer JJ (2021) Effect of data encoding on
the expressive power of variational quantum-machine-learning
models. Phys Rev A 103(3):032430

Abbas A, Sutter D, Zoufal C, Lucchi A, Figalli A, Woerner S
(2021) The power of quantum neural networks. Nat Comput Sci
1(6):403-409

Kapoor A, Wiebe N, Svore K (2016) Quantum perceptron models.
Adv Neural Inf Process Syst 29

Andrecut M, Ali MK (2002) A quantum neural network model.
Int J Mod Phys C 13(01):75-88

Lubasch M, Joo J, Moinier P, Kiffner M, Jaksch D (2020) Vari-
ational quantum algorithms for nonlinear problems. Phys Rev A
101(1):010301

Pesah A, Cerezo M, Wang S, Volkoff T, Sornborger AT, Coles
PJ (2021) Absence of barren plateaus in quantum convolutional
neural networks. Phys Rev X 11(4):041011

Liu Y, Arunachalam S, Temme K (2021) A rigorous and robust
quantum speed-up in supervised machine learning. Nat Phys
17(9):1013-1017


http://arxiv.org/abs/2309.14419
http://arxiv.org/abs/2101.11020
http://arxiv.org/abs/1804.00633
http://arxiv.org/abs/2306.00061
http://arxiv.org/abs/2306.00061
http://arxiv.org/abs/2312.09121
http://arxiv.org/abs/1905.13311

Kl - Kiinstliche Intelligenz (2024) 38:277-291

291

90.

91.

92.

Huang H-Y, Kueng R, Preskill J (2021) Information-theoretic
bounds on quantum advantage in machine learning. Phys Rev
Lett 126(19):190505

Huang H-Y, Broughton M, Mohseni M, Babbush R, Boixo S,
Neven H, McClean JR (2021) Power of data in quantum machine
learning. Nat Commun 12(1)

Feynman RP et al (2018) Simulating physics with computers. Int
J Theor Phys 21(6/7)

Springer Nature or its licensor (e.g. a society or other partner) holds
exclusive rights to this article under a publishing agreement with the
author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of
such publishing agreement and applicable law.

@ Springer



	Quantum Supervised Learning
	Abstract
	1 Introduction
	2 Supervised Learning: A Methodological Perspective
	2.1 Parametric Methods
	2.2 Non-parametric Methods

	3 Quantum Machine Learning Landscape
	3.1 Fault-Tolerant Quantum Machine Learning
	3.1.1 Quantum Linear Systems of Equations
	3.1.2 Least-square Support Vector Machines
	3.1.3 Quantum Splines for Non-linear Approximation

	3.2 Hybrid Quantum-Classical Machine Learning
	3.2.1 Quantum Models as Kernel Methods
	3.2.2 Classical-Inspired Quantum Models


	4 Current Focus in Quantum Machine Learning
	4.1 Inductive Bias of Quantum Models
	4.2 Surrogates Models
	4.3 On Quantum Trainability
	4.3.1 Barren Plateau Problem
	4.3.2 Lack of Quantum Backpropagation


	5 Promising Research Trajectories
	5.1 Learn from (Classical) Experience
	5.2 Building on the Shortcomings of Classical Methods

	6 Conclusion
	References




