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Abstract. In this work, we investigate the effect of presenting students
with common errors of other students and explore whether such erro-
neous examples can help students learn without the embarrassment and
demotivation of working with one’s own errors. The erroneous examples
are presented to students by a technology enhanced learning (TEL) sys-
tem. We discuss the theoretical background of learning with erroneous
examples, describe our TEL setting, and discuss initial, small-scale stud-
ies we conducted to explore learning with erroneous examples.

1 Theoretical and Empirical Background

Correctly worked examples have traditionally been used to help students learn
mathematics and science problem solving and have proven to be quite effec-
tive (1; 2). However, erroneous examples, that is, worked solutions including
one or more errors that the student is asked to detect, explain, and/or correct,
have rarely been investigated or used as a teaching strategy, particularly not in
technology-enhanced learning systems. The question of if — and how — erroneous
examples are beneficial to learning is still very much open.

Some theoretical and empirical research has explored the effects of erroneous
examples in mathematics learning and provides some evidence that studying er-
rors can support learning by providing new problem solving opportunities and
motivating reflection and inquiry, e.g. (3; 4; 5). Moreover, the highly-publicised
TIMSS studies (6) showed that math students in Asian countries — where cur-
ricula often include the careful analysis and discussion of incorrect solutions —
outperform their counterparts in most of the western world. One study explored
self-explaining correct and incorrect examples (7; 8). Siegler et al found that
when students self-explained both correct and incorrect examples they learned
more in comparison to self-explaining correct examples only. Grosse and Renkl
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also showed some learning benefit of erroneous examples but only for learners
with strong prior knowledge and for far transfer learning (9).

We plan to take the earlier studies further by investigating erroneous exam-
ples used in the context of TEL. In contrast to other studies, we are interested
in the correlations between students’ benefit from erroneous examples and the
situational and learner characteristics, with an eye toward eventually adapting
erroneous examples instruction. To this end, we use the adaptive learning plat-
form ACTIVEMATH (10), a web-based learning environment for mathematics. In
contrast to the Grosse and Renkl work, we are investigating erroneous examples
with help. Our primary rationale for including help in the empirical studies is
that students are not accustomed to working with and learning from erroneous
examples and, hence, they need assistance and support in doing so.

We hypothesise that learning from the ’errors of others’ can help students en-
hance their cognitive competencies as well as their meta-cognition and learning
orientation. We propose two primary reasons for this. First, a student can best
learn error detection and correction by reviewing and studying errors, something
that is impossible to do with correct examples — and difficult to do with unsup-
ported problem solving. Second, reviewing erroneous examples appears to be
more supportive of a learning orientation rather than a performance orientation.

Furthermore, we hypothesise that students will benefit from erroneous ex-
amples when encountered at the right time and in the right way. Rewarding a
student for error detection may lead to marking of errors in memory such that
they will be avoided in subsequent retrieval. Moreover, a student is less likely to
exhibit the feared ’conditioned response’ of behaviourism (i.e., internalising the
error and repeating it) when studying the errors of other students, since the stu-
dent has not made the error him/herself and thus has not necessarily internalised
it. A student is also unlikely to be demotivated by studying someone else’s er-
ror(s), as may be the case when emphasising errors the student has made him
or herself. On the contrary, in an earlier observational study, we noticed positive
motivational effects of erroneous examples (11).

Another issue that we plan to investigate in our research is what system
affordances are prerequisite to integrating the benefits of erroneous examples in
a learning system and, more specifically, what extensions are necessary to the
existing ACTIVEMATH system to implement such affordances.

2 Erroneous Examples in ActiveMath

Observational Study To begin investigating our research questions on erroneous
examples, we designed and conducted an observational study with 25 German
6-graders. The study included two phases, error detection and error correction.
Figure 1 displays both phases of an erroneous example presented to a student.
The translation (of the first phase) is: Susanne mizes 3 | of milk and % l syrup.
Susanne calculates how much milk shake is made by adding 3 and %. Her result
18 a 2 | milk shake. Find the error in Susanne’s calculation. Click on the first
erroneous step. The student is asked to spot the erroneous step (Schritt 1 in
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Susanne mischt 3 Liter Milch und % Liter Sirup. Susanne berechnet, wieviel Liter Milchshake

das ergibt. Ihr Ergebnis lautet g Liter Milchshake.

+ Schritt 1.,

Finde den Fehler in Susannes Rechnung. Wahle den
ersten fehlerhaften Schrittaus.

4

[ Schritt 1: 3+ 5 =
2 Eigentlich nicht
¢ Schritt2:3+3 = Susannes 3. Schritt ist falsch
g M2
¢ Schritt3: 3= =
¢ Schritt4: 3
+ Schritt 3.,
+ Schritt 4.,
+ Schritt 5.,

Nun korrigiere Susannes ersten falschen Schritt

344

3+ 6
Schritt 11 3+;
342
3

i}
Schritt 3: 4
3

Schritt 2;

Fig. 1. An erroneous example

Figure 1) and then to correct it (Schritt 5 in Figure 1); feedback varies be-
tween conditions. For instance, in Figure 1 the student selects a correct step as
incorrect (i.e., Step 1) and is flagged. The feedback (translated) is “Not really.
Susanne’s 3rd step is wrong”. After displaying the help message, the system asks
the student to explain the error, in Figure 2, “Why is the 3rd step wrong?” with
the choices

e because Susanne must translate the integer 3 into a fraction

e because 3 has to be added to both the numerator and denominator of %
because the 3 has to be cancelled: ,8+§

e [ don’t know.
The first selection is the correct choice. After completing this phase, the student
is prompted to correct the error, as shown at the bottom of Figure 1 (Schrit 5,
“Now, correct Susanne’s first wrong step”).
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Observations A key observa-

tion was that the 6th grade stu- Warum ist der 3. Schritt falsch?

dents frequently did not know Weil Susanne die ganze Zahl 3 als Bruch betrachten
how to correct the erroneous muss.

step, even when they were able
to choose the correct explana-
tion for the error. This may
mean that although students
know the correct rules for per-
forming operations on fractions Weil 3 erst gekiirzt werden muss 3 +
and can recognise explanations
that refer to these rules, they
still have knowledge gaps that Ich weib nicht.
surface when asked to correct
the error. Ohlsson (12) has
described this phenomenon as Fig. 2. Choices for Explaining the Error

a dissociation between declar-

ative and practical knowledge.

The same phenomenon occurred even with students who could solve exercises,
but could not correct the erroneous example of the same type, e.g., addition
of fractions with unlike denominators. Our interpretation in this case is that
students tend to solve problems following well-practiced solution steps, so their
knowledge gaps are not always revealed when solving exercises. We believe these
gaps may be detected through the use of erroneous examples.

Weil 3 zu Zahler UND MNenner von % addiert werden

MUuss.

o | o

Feedback Design Based on this observation, we designed feedback for helping
students correct the error. There are three types of unsolicited feedback pro-
vided: minimal feedback, error-awareness and detection (EAD) feedback, and
help. Minimal feedback, consists of flag feedback (green colouring for correct and
red for wrong answers) along with a correct/incorrect indication. EAD feedback
intends to support the meta-cognitive skills of error detection and awareness. For
example, for the task in Figure 1, the English EAD feedback would be ”Susanne’s
result cannot be correct because g l is even less than the 3 | milk”. In the first
phase of the erroneous examples (finding the error), students get EAD feedback,
and then multiple choice questions (MCQs) which scaffold them to correcting
the error. MCQs are explanations of the error like the ones in figure 2 and are
nested (3 to 4 layers). Finally, they get minimal feedback and help messages on
their choices, and eventually the correct answer. In the correction phase, error

correction feedback is provided, e.g., You forgot to expand the numerators.

Technical Ezxperiment Support To facilitate TEL studies with erroneous exam-
ples, we implemented an automated presentation of the study materials for use in
a classroom setting. All materials are selected through a specific strategy of Ac-
TIVEMATH’s exercise sequencer, which defines the order in which students from
a condition/group receive their material. On top of this, a selection routine was
implemented that randomly chooses the order in which the sequences of the in-
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tervention appear each time a new user logs onto the system, and starts off where
it stopped after a break (necessary for longer TEL experiments). Moreover, all
materials are online, including pre- and post-questionnaires. These features are
important for running controlled studies in classrooms in general. Additionally,
the erroneous examples and feedback described above, as well as the GUI that
represents the worked examples, exercises, and erroneous examples are imple-
mented as a tutorial strategy in ACTIVEMATH.

Pilot Study Later, we ran a study informed by the initial observational study,
to get preliminary indications of learning effects, to test the erroneous exam-
ple design, and the online presentation of examples by ACTIVEMATH. Ten 8th-
graders were randomly assigned to one of two conditions (five per condition),
and completed the pilot study in two sessions. The condition No-Erroneous-
Examples (NOEE) included worked examples and fraction exercises, but no er-
roneous examples. The condition Erroneous-Examples-With-Help (EEWH) in-
cluded worked examples, exercises, and erroneous examples with provision of
help. The design followed a pretest-familiarisation-intervention-posttest schema,
with questionnaires also provided. Each group solved five sequences of three
items. The posttest consisted of five exercises and two erroneous examples, in-
cluding conceptual questions on error detection.

Although our sample size was too small for inferential statistics, our descrip-
tive statistics showed that the performance of the NOEE group decreased in the
post-test (pre-/post-test difference mean=-13.7, stdv=13.6), whereas the EEWH
group’s performance, increased (pre-/post-test difference mean=13.1, stdv="7.7).
The EEWH condition reported in a group interview that they were satisfied with
the help provided by the system and found it easy to understand. No difference
in performance was observed in how the students from the different conditions
answered the conceptual questions and solved the erroneous examples. However,
with scores of 60% vs. 55%, there was certainly room for improvement in con-
ceptual understanding. A positive outcome of the study was that all students
reported that it was enjoyable to work with the system (e.g. ”It was fun until
the end!”) despite complaints that the system was not fast enough (due to server
problems).

3 Outlook

In upcoming studies we plan to investigate the interplay between the two compe-
tencies: finding and explaining an error vs. correcting it. In particular, we would
like to test if we can eliminate the observed discrepancy that less-advanced (6th-
grade) students could find and explain errors, yet could not correct them. Ohlsson
(12) argues that when the competency for finding errors is active, it functions
as a self-correction mechanism that, given enough learning opportunities, can
lead to a reduction of performance errors. Although reducing ones own errors is
arguably different from correcting errors of others, our erroneous examples with
additional feedback that specifically targets the correction of performance errors
seem to be a good candidate for creating the required learning opportunities.
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