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1 INTRODUCTION

It is well known thatin mary casesevereerrorsoccurin the earlystageof the softwaredevelopmeniprocessFollowing
thisinsight,considerablemphasisvasput on requirementgngineeringFormalmethodgprovide meandor theabstract
yet precisedescriptionof requiredsystemproperties. However, specializeddescriptiontechniquesare neededo treat
certainaspectadequatelyMoreover, complex systemoftenmake it necessaryo cover severalof theseviews.

Amongthemostcritical andmostdifficult (to describepspect®f systemdbehaiorsarerealtimeproperties A major
problemin this arealies in the compleity of timing constraintsand the variety of situationsthat can appearin such
systemslt turnedoutthattimedautomataor (linear) hybrid automataserne asacomprehensie meanto expressemporal
behaior.

VerificationSupportEnvironment(VSE) supportsabstracsystemspecificationsthe formulationand proof of safety
andsecuritypropertiesandrefinements The formal developmentmethodof VSE is basedon AbstractData Typesand
TemporalLogic. The aim of the work presentechereis to integratehybrid automataas a meansfor comprehensiely
describingrealtimepropertiesnto the VSE methodwherean abstracsystemspecificatiorsenesasthe startingpoint of
aformalrefinemenprocessHybrid automatgtranslatednto VSE) provide arealtimeview onthesesystemsAdditional
requirementspecificationsepresentinglifferentviews of the behaior canbe”link ed” to the samespecification.

As runningexample,we usethe well-known gaslurnerscenario.The overall safetyrequiremenbf the gashurneris
that the gasconcentratiorshouldnot overtale a certaincritical threshold. For the sale of simplicity we abstractfrom
continuousmathematicsn the way thatwe do not considerthe gasconcentratiorbut the time unlit gasflows out of the
nozzleof thegashurner For details,seethefollowing two sections.

2 VSEAND HYBRID AUTOMATA

In whatfollows we presenthe VerificationSupportEnvironmentandthe hybrid automatausedin our approach.

2.1 VSE-Verification Support Environment

In this sectionwe describeshortly the methodologyVSE-Il is basedon. The VSE-II systemis a tool for the formal
developmentof softwaresystems.It consistsof a basicsystemfor editing andtype checkingspecificationsandimple-
mentationswritten in thespecificatiolanguagé/SE-SL,afacility to displaythe developmenstructure atheorenprover
for treatingthe proof obligationsarisingfrom developmentstepsasfor examplerefinementsa centraldatabaseo store
all aspect®f the developmentandanautomationanagemenf dependencielsetweerdevelopmenisteps.

Comparedo VSE-I[4, 5], whichwasbasedn asimple,non-compositionahpproacHor statebasedsystemsyYSE-I|
[6] is extendedwith respecto comprehensie methodsn orderto dealwith distributedandconcurientsystemg¢8] and
with respectto an even more efficient anduniform proof supportwhich makesuseof implicit structuringof the arising
proof obligations. The basicformalismusedin VSE-II is closeto TLA (TemporalLogic of Actions)[7]. A refined
correctnessnanayementallows for anevolutionarysoftwaredevelopment.

VSE-Il is basedon a methodologyto usethe structureof a given specification(e.g. parameterizatioractualization,
enrichment,or modules)to distribute alsothe deductve reasoningnto local theories[9]. Eachtheoryis consideredas
an encapsulatednit, which consistsof its local signatureandaxioms. Relationsbetweendifferenttheories,asthey are
given by the model-theoreticstructureof the specification,are representedy differentlinks betweentheories. Each



theory maintainsits own setof consequencesr lemmataobtainedby usinglocal axiomsand otherformulasincluded
from linkedtheories.

This methodof a structuredspecificationand verificationis reflectedin the centraldatastructureof a development
graph (seeFigurel), the nodesof which correspondo the units mentionedabove. It alsoprovidesa graphicalinterface
for thesystemunderdevelopment.

2.1.1 ConcurentSystenSpecifications

Huge specificationare structuredn several subcomponentshich constitutethe completesystemspecificationinclud-
ing the ervironmentspecification. In the descriptionof theseunits elementaryspecificationsand different structuring
operatordor statebasedsystemsareused.

Elementary Specifications For the specificationof statetransition systemsa specificationlanguagecloseto TLA
[1,7,2] isused.In additionto thetheoryof compositionatlevelopmentpresentedh [2], which coversthe compositiorof
systemausinginput andoutputvariables sharedvariablesaresupportedy the structuringoperatorsn VSE-II. Further
moretheform of aspecificatiorof acomponentalsodiscusseéh [2], is3 x4, . .., z,.(INITAO[SYS-STEP{ AFAIR),
whereSYS-STEPSrethe actions(steps)madeby the systemp is the stutteringindex, which containsflexible variables
of the system,INIT is a predicatewhich holdsinitially, z1,. .., z, aretheinternalvariablesand FAIR standsfor the
fairnesgequirement®f the system.

Structuring of Specifications VSE-II providesoperatordo structurestate-basedpecifications We only focuson the
combine-operatorwhich modelsthe concurrentexecutionof components.Concurreng is modeledby consideringall

possibleinterleavingsof actionsof the combinedsystemsBasicallya behaior o, which representa sequencef states
of the specifiedsystem,is a behaior of the combinedsystemif and only if it is a behaior of every componentof

the system. However, in orderto modelthe concurrentexecutionof, sayS; andS,, by conjunction,we have to allow

ervironmentstepsin the (local) specificationof S; andS,. In [2] ernvironmentstepsare modeledby stuttering. This

techniqueonly works for communicationby input-outputvariables,not in connectionwith sharedvariables. A more
generalapproacHh9, 6] is to associata “color” with eachcomponentindto markeachstepin a behaior by the color of

thecomponentvhich hasdonethe step.

2.1.2 StructuedDeduction

Structuringspecification@sdescribedabove supportgeadabilityandmakesit easielto edit specificationsgn thattheuser
might uselocal notions. However, the systemexploits structurebeyond this purely syntacticallevel. Component®f a
combinedsystemcan be viewed assystemsn their own right wherecertainpartscanbe obsened from outsidewhile
mostof theinnerstructure jncludingtheflow of controlandlocal programvariablesarehidden.

In particularwe canprove propertiesof acombinedsystemin amodularway. This meanghatwe attachlocallemma
baseso componentsvherelocal proofsareconductedandstored.Exchangeof informationbetweeriemmabasesds on
demand Thisapproachastwo mainadvantagesFirst, thegivenstructureof thespecificatioris usedto reducehesearch
spacedn thesensdhatlarge partsof the overall systemarenotvisible andsecondstoringof proofslocalto certainlemma
basesandmakingthe exportandimport of information(betweeremmabaseskgxplicit supportgherevisionprocess.

2.1.3 TheGashurnerin VSE-II

The developmentgraphof the gasturnerin VSE-II is shovn in Figurel. It consistsof the abstractdatatype definitions
nat ural anddefi ni ti on andof the temporallogic specificationggasbur ner andsaf et y. The centralpart of
the specificationis therealizationof the gasturner:

TLSPEC gasbur ner

PURPOSE " Speci fication of the gasburner. ™

USI NG definition

DATA QUT x, vy, t : nat

QUT state : state_t
ACTI ONS
phi 1 ::= state = | eaking AND state’ = non_| eaki ng AND
x’ = 0 AND UNCHANGED(y, t)
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Figurel: Developmenigraphof the gaslurnerspecification

phi_2 ::= state = non_|l eaking AND state’ = | eaki ng AND
x >= 30 * ¢ AND X’ <= ¢ AND x’ = 0 AND UNCHANGED(y, t)
phi _1 star ::= state = | eaking AND state’ = non_| eaki ng AND
NOT x + 1 <= c AND X’ = 0 AND UNCHANGED(y, t)
psi _1 ::= state = leaking AND state’ = |eaking AND

X +1<=c  ANDY =y + 1 AND
x =x+1ANDt" =t +1
psi _2 ::= state = non_Il eaking AND state’ = non_I| eaki ng AND
x’ =x +1 ANDyY =y + 1 AND UNCHANGED(t)
SPEC INITIAL x = 0 ANDYy = 0 ANDt = 0 AND state = | eaking
TRANSI TI ONS [phi _1, phi_2, phi_1_star, psi_1, psi_2]
{x, vy, t, state}
FAI RNESS WF(phi _1 star) {x, vy, t, state},
Wr(psi_1) {x, vy, t, state},
We(psi _2) {x, y, t, state}
SATI SFI ES Safety
TLSPECEND

The specificationusessymbolicvaluesto expresstime bounds(c). This specificationtechniqueresultsin the following

properties:Themodelhasdiscretetime anddifferentresolutionf the systemcanbe expressedby interpretinghindsight
the symbolic limits of the incrementatiorof the variablesaccordingto their constraints. In this way we are able to

approximatea continuousbehavior arbitrarily precise.

2.2 Hybrid Automata

Hybrid Systemg3] arereal-timesystemshatareembeddedih analogernvironments.They containdiscreteandcontinuous
componentandinteractwith the physicalworld throughsensorsaand actuators.Sincethey typically operatein safety-
critical situationsthe developmenibf rigorousanalysistechniquess of highimportance.

A commonmaodelfor hybrid systemganbefoundin hybrid automata Briefly, suchhybrid automataarefinite graphs
whosenodescorrespondo global states.Suchglobal statesrepresengeneralobsenationalsituations,as, for instance,
“the heatelis on” or the“the heatelis off”. During theseglobalstatessomecontinuousactiity takesplace.Forinstance,
thetemperaturenight rise or fall continuouslyaccordingto a dynamicallaw until a transitionfrom onenodeto another
occurs.

Thesetransitionsare usuallyguardedwith someconstraintformulathatis requiredto hold if the transitionis to be
taken. Moreover, they areannotatedvith a generalassignmenthatis responsibldor the discreteactionto be performed
by takingthetransition.

Similarly, nodeshave someattachedconstraintformula that describesan invariantfor this very node,i.e., some
propertythathasto betruewhile the systenresideswithin thisnode.The dynamicsof thesystem$ behavior, ontheother
hand,is givenby a descriptionof how the datachangewith time.

In whatfollows, we formally describevhata hybrid automatorns, i.e., we formally definetheir syntaxaswell astheir
semantics.



2.2.1 Syntax

We assumeasetCT of Constaint TermsoverafixedvariablesetX asthesmallessetcontainingX, real-valuedconstants,
and,moreorver, whichis closedunderaddition,subtractionandmultiplicationwith real-valuedconstants.

The setof CF of Constaint Formulas(over the variableset X) is definedasthe smallestsetthatis closedunder
conjunctionandcontainsT (truth) and_L (falsity) aswell asall atomsof theform ¢; > t2, t1 > t2, t1 < t2, t1 < t2, and
t1 = ta2, wheret; andt, areconstraintermstakenfrom CT.

Suchconstrainttermsand formulas are a necessanprerequisitefor the formal descriptionof the hybrid systems
themseles.

Definition 2.1 (Hybrid Systems)Hybrid Systemsaretuplesoftheform (X, £, £, dif, inv, guard acl), where X is afinite
setof real-valueddatavariables £ is a finite setof locations i.e., nodesof a graph,& C £ x L is a finite (multi)setof
transitions dif: £ x X — CT is a mappingthat associatesvith ead locationand each datavariablea constaint term,
representingthe change of the data variable within this location over time inv: £ — CF is a mappingthat associates
with eadh locationa constaint formula, representinghelocationinvariant, guard £ — CFis amappingthatassociates
with eath edge a constaint formula (with free variablestaken from X), representingthe enablingcondition for that
transition,andact £ x X — CTis a mappingthatrepresentghediscreteactionto bepeformedoy takingthetransition.

As alreadynotedearlier, we illustrate hybrid systemsas graphs. As an exampleconsideragainthe “Leaking Gas

Burner”from above.
Leak Non-Leak

T|lx:=0

z>30|z:=0

The above hybrid systemdescribeghe following behavior. It startsat locationLeakwith datavariablesall setto O.
Within thelocationsthe valueof the datavariablesincreaseby 1 every second'sothey all representlodks). Thereis one
exception,however, theclock t hasslope0 in locationNon-Leak thereforeit is actuallystoppedhere.

The systemleaveslocationLeak latestafter onesecondandresetse to 0. Similarly, it remainswithin Non-Leakfor
atleast30 secondsindreenterd eakafterhaving resetz to 0 again.

Theclock z, therefore actsasa controlvariable,y accumulatesveralltime and¢ countsieakagdime (theamountof
time the systenresideswithin Leak).

2.2.2 Semantics

We definea stateof a hybrid systemasa pair (L, ¢) whereL € L is alocationand¢: X — R is avaluationof thedata
variables.¢ naturallyextendsto (constrainttermsand(constraintformulas.

Giventwo statess = (L, ¢) ande’ = (L', ¢') we saythato’ is transition-reacablefrom o — denotedby o > o' —
if thereexistsatransitionT = (L, L') € £ with sourceL andtargetL’, andboth¢(guardT)) and¢'(z) = ¢(actT,x))
for eachr € X. In otherwords,¢” is transition-reachablgom o (via transitionT’) if the correspondingyuardis trueand
thevaluationof thedatavariablesin ¢’ is changedaccordingto the discretetransitionaction.

We call o’ timely-reachablefrom o with delayd —denoteddy o ¥ o', whered is anon-neyativerealnumber—if L =
L' andfor eachz € X thereexistsa differentiablefunction £, : [0, 8] — R, with thefirst derivative f, : (0,8) — R, such
that(1) f,(0) = ¢(z) and £, (§) = ¢'(x) and(2) for all e € R with 0 < € < §: bothinv(L)[z1/ fo, (€), - - -, Zn/ [z, (€)]
andf,(¢) = dif(L, 2)[z1/ for (), .., Tu/ f2, ()] aretrue.

o' istimely-reacablefrom o — denotedoy o + ¢’ —if it is timely-reachabldérom ¢ with delayd for somed.

o' is saidto bereatablefrom o with respecto #, o g o', if (0,0") € (% U )™

A run p of H with initial statesy = (Lo, ¢) is a sequencef statesrepresentedsp = og +—>§% o1 »—>’}11 o9 »—>’}22
03 '—>§33 --- wheret; € R2? and f;: [0,t;] = (X — R), suchthat f;(0) = ¢;, inv(L;)[X/f:(t)(X)] holdsfor all
0 <t <t (Li, fi(ts)) ¥ oipr andforall 0 < ¢ < #' +6 < t;: (Lg, fi(t)) ¥ (Ls, fi(H' + 6)).

Givensucharun p, we call the states, the startingstateof p anddenoteit by star{p). The setof all runsof a hybrid
system# with initial stateo is denotedoy rungH, o).

A positionr of arunp = og =% o1 =% o2 =2 03 ' .- isapairm = (i,r) € N x R suchthat0 < r < t;.
We denotethe setof positionsof arun p aspogp). Positionsareorderedexicographicallyi.e., (i,7) < (4, s) if andonly



if i < jor(i=jandr < s). Also, (i,r) < (4,s) if andonly if (i,7) < (j,s) or (i = j andr = s). By p(w) with
7« = (i,7) we denotethestate(L;, fi(r)).
Givenarunp = (Lo, ¢o) »—>§§(’) (L1, ¢1) »—>§£1 ---,ani > 0,andat with 0 < t < ¢;, we definethe sufix of p, starting

at(L;, fi(t)) as(L;, fi(t)) l—>'}’;,_t (Liy1, bit1) "’?i (Lita, it2) n—)?ﬁ .-+, wheref!(t') = fi(t +t'). By suf(pr, p)
we indicatethat pr is a suffix of p.

Within hybrid systemgautomata)atavariableschangeboth continuouslyanddiscretely The changeis given by
somerationalnumberwherethe underlyingbaseunit is in generaheglected.Neverthelessye usuallyhave certainbase
unitsin mind whenwe specify systems.However, theremight be a needfor switchingthe baseunit, for examplefrom
secondgo milliseconds.Thefollowing describesiow sucha changeof the baseunitshasto be performedformally.

Definition 2.2 (Granularity Change) Givena Constaint Term7 wedefinethe granularitychangeof 7 by A as

Axg=zforze X Ax(ixz)=ixzforze X,i €N
Axi=Axifori eN Ax(t; +ta) = Aty + A xty

For Constaint Formulas F “ %" distributesin an natural way and leavesformulasas (state = |) unchanged. For
H = (X, L,¢&,dif, inv, guard acl), somegiven hybrid automatonwe defineA x H = (X, L, &, dif, inV, guard, act)
wher inV(I) = A xinv(l), guard(e) = A % guarde), andact(e)(z) = A * acfe)(x).\\e moreover extendthe notion
of granularity change to runs asfollows: Givenp = (lo, ¢o) H’}% (l1,é1) |—>§}1 (I, ¢2) ---. ThenA x p is definedas
(l(), A*¢0) P—)ﬁ:tfz (ll, A*qﬁl) P—)ﬁ:tfll (lz, A*¢2) CEIN where (A*f,)(A*t) = A*fz(t) and (A*(ﬁz)(ﬂi) =AX ¢z($)
For PSLformulasF wefinally haveA x (P APy) = Ax Py AAxPo, Ax(—P) = =(AxP) andAx(OP) = O(A*P).

2.2.3 PropertySpecifications

In whatfollows we describethe syntaxandthe semanticof the (lineartemporallogic) propertyspecificationanguage
(PSL)we utilize in this work. The generalscenaricshavn in Figure2 indicatesthat PSLandVSE-SL in a sensecorre-
spond.

Syntaxand Semanticsof PSL  Any constrainformula P € CF is aformulaof PSL.If P and@ areformulasof PSL,
thensoareP A @ andP Vv Q. Also, if P isaformulaof PSL,thensoaredP and<® P. Theexpressionstate = [ isaPSL
formula,wherel € £ andstate is a specialvariablenotoccurringin X .

(H,o) EP iff (H,p) | Pforall p € rundH, o)

(H,p) E state =1 iff star(p) = (I, ) for someg

(H,p) Etiots iff  @(t1) o ¢(t2) wherety, ty € CT andstar(p) = (I, )
(H,p) EPAQ  iff  (H,p) = Pand(H,p) E Q

(H,p) EPVQ  iff (H,p) = Por(H,p) =Q

(H,p) =0OP iff (H,p) | P for every p with suf(p, p)

(H,p) EOP iff (H,p) | P for somep with suf(p, p)

3 INTEGRATING HYBRID AUTOMATA IN VSE-II

Our aim is to embedlinear hybrid automatainto the VSE-II framewvork. Figure 2 illustratesthe situation. Start-
ing point is the specificationof the behavior of a systemwith specialintereston realtime using a hybrid automaton
Hybri d- Aut Spec asindicatedin Figure 2. Propertiesthat shouldbe satisfiedby this automatonare specifiedin
Hybri d- PropSpec. Theideais to translatehe hybrid automatorspecificatiorinto a VSE-SL specification Fromthis
translatedspecificationwe wantto prove thatthe propertiesdescribedn VSE- Pr opSpec hold. A partof theseproper
tiesis createdby translatingthe propertiesn Hybr i d- pr opSpec into VSE-SL properties.The proof of the properties
canbeperformedn the VSE-II tool. The proof couldequallybe donewith the help of atool supportinghybrid automata.
In that casewe canguarantegseeTheorem3.4) thatthe translatedVSE-SL specificationalsofulfills the property An
adwantageof suchamethods theintroductionof afully automatianethodfor thehandlingof realtimesystemsn VSE-II.
As canbe seenin Figure2 we have to definethe satisfiesandthe translationrelation betweenthe given specifications.
Satisfiesin both casesneansmodelinclusionsemantically In the VSE-II settingthis is expressedy a satisfiedink in
thereal specificatiorascanbe seenfor examplein Figurel. In the hybrid automatorsettingthe satisfiedink indicates
thatthe hybrid automatorfulfills the specifiedproperty How this is implementeds not our main concernat this point,
though.



VSE-AutSpec Iﬂi| VSE-PropSpecI

A A

translatiqp

translation

VSE-SystemSpdc- S-eTp-'°4"| Hybrid-AutSpeci.‘._sf"_'su'E;| Hybrid.pmpspel;

Figure2: Relation:VSE-Hybrid Automata-specification

3.1 Definition of the Translation Function

Thetranslationfunctionis dividedinto threecasesaccordingto the systemwe aredealingwith. The systemis a hybrid
automatortogetherwith a definition of aninitial stateanda descriptionof propertiesof the automaton.The translation
hasto bedefinedfor all of thesethreeparts.We begin by definingthe translationof propertiesof a hybrid automaton.

3.1.1 TranslationFunction

Sincethe hybrid systemsasintroducedin 2.2 did not have an explicit initial location,we have to extendthe definition
in thatway. We thusassumea setinit of pairsof type (CF, L) eachrepresentingain admissibleinitial locationwith a
predefinedsariablevaluation.Thedefinition of thetranslationis dividedinto thetranslationof init, thetranslationof the
continuousactionsandthetranslationof the discreteactions.

We usethesymbolr to namethetranslatiorfunction. As canbe seenin the next definitionswe overloadedr in order
to make the definitionsmorereadablelt will alwaysbe clearfrom the context which « is meant.

As for contrainttermsandconstrainformulaswe definer as: #(T) = TRUE andnw(L) = FALSE, 7(t1 := t2) =
w(t1) = w(t2), andw(e) = ¢ * e, wherec is anew constantln all othercasesr simply distributesoverthe operatorsand
functionsymbols.

Forinstancem(z <1) =z <candn(3xx+2<y)=3xx+2%c<y

Definition 3.1 Let init be a one elementset consistingof the pair (f,1), let z,z1,. .., z, datavariablesandl,!;,1s
locations.
T{(£D}) = w(f) Astate =1
¢ = V (state =1y A state’ =1y Aw(guard(ly,l2)) A
EIEER N (o' = m(acl(ly, 1), 2))) A (r(inv(ia))) w1 /), .. ,wn/xm)
z€X
P* = \V (state =11 A state’ =1y Am(guard(ly,l2)) A
b CE R o (inv(10))) w1 /o1 + dif (11, 21), - - - B )T + dif (11, 20)] A
A (" =m(ac((ly,12), %)) A (w(inv(lz)))[z1/2h, ..., 2n/2]
zeX
P =V (statezl/\state'zl/\ A @ =x+dif(l,x))A
leL zeX
(w(inv()))[z1 /21 + dif(l,z1), ..., zn /20 + dif (1, a:n)]>
stuttering = N1’ ==z
zeX

Nowthetranslationof a hybrid automatorincludinganinitial conditionis givenby: = (H,, init) = w(init) AO(¢ V¢ V
stuttering), a formulain VSE-SLnormalform.

Translation of Locations In thetranslatiordefinition,thelocationsof the hybrid systemareusedasenablingconditions
for theVSE-SLactions.Furthermoreahey indicatethechangeof alocation. Theseenablingconditionsareneededecause
of thetranslationof certainfairnessconstraintghatareimplicitly assumedn anhybrid system.



Treatment of Fairness The treatmentof fairnessis divided into two cases. First, all the translationsof continuous
actionsfrom a hybrid systemhave to befair. Thisis becausdime is assumeahot to stopin a hybrid automaton.Every
disjunctie part (action)of ¢ is assumedo be executedin a fair manner Thereforewe imposeweakfairnesson every
disjunctof 1.

The secondcaseis concernedvith the handlingof discreteactions.In this situationwe may not imposefairnesson
every discreteactionin the VSE-SL translationsincenot every discreteactionin a hybrid systemis executedfairly. A
hybrid systemmay perpetuallystayin one of its locations— provided it doesnot violate the correspondingnvariant—
without taking a discreteaction althoughthe guardis satisfiedinfinitly mary times. The non_leaking locationin the
gashlurnerexampleis of this kind. We arenot allowedto requirefairnessof the discreteactionin suchsituations.On the
otherhandwe arealsonot allowedto omit thefairnessconstrainton the discreteactionsin general.

One possiblesolutionto this problemwould be to collect all the actionsof a systemin one actionandto require
weakfairnesdor this very action. The solutionwe suggesthowever, distinguishedetweerthoseactionsthathave to be
executedn afair mannerfrom thosethatdon't. This distinctionis alreadypartof the translation(seeDefinition 3.1).

Thetranslationof a hybrid automatoris representetyy the following formula: 7(#, init) = w(init) A O(p V ¢* V
Y V stuttering) AN FAIR(¢*) N FAIR(¢) where FAIR(...) standsfor the applicationof weak fairnesson all the
disjunctive partsof theargumentformula.

3.2 Main Theorem

After thedescriptionof thetranslatiorfunctionwe presenthe maintheoremof our approactwhich stateshecorrectness
of the translationfunction7 andthe discretizationstep. Oneof the outcomeof this theoremis thatthe diagramshawvn
in Figure2 commutesBeforestatingthetheoremhaowever, we first give somepreliminariesneededor the proof. These
coverthediscretizatiortechniqueaswell assomeinterestingpropertief the granularitychangeor hybrid automata.

3.2.1 Discretization

Herewe shov how we discretizenybrid automataThediscretizatiorstepresultsin a parameterizel) hybrid automaton
suchthatthefinal outcomeis anexactapproximation.

Given a hybrid automatort{ with H = (X, £, &, dif, inv,guardac) and X = {z1,...,z,} we definel'(H) =
(X,L,E U &, dif inV,guardu guard, actU act), where&' = J,..l x I, dif (I)(z) = Oforalll € £, z € X,
in/(l) = T foralll € £, act((l,]))(z) = z + dif(l)(z) = 6 for all (1,I) € &', z € X andguard((l,1)) =
inv(l)[z1 /act(l)(x1), ...,z /act(l)(z,)] Theresultof I'(#) increaseshe datavariablesby multiplies of §. However
our aim is to have an increaseby multiplesof 1. We achieve this by multiplying eachconstantwith A = % which is
illustratedin section3.2.2

The following lemmais neededn Theorem3.4. It saysthata hybrid automatorandthe I'-transformedautomaton
satisfythe sameproperties.

Lemma 3.2

(H,o) EOP iff (I'(H),o) = OP for everyd and P containsno furthertemporaloperator
(H,o) EOP iff (T'(H),0) E ©P for somed and P containsno furthertemporaloperator

Proof: The proof follows immediatelyfrom the factthato; — o5 iff 01 — o5 for somed € Q whichin turn canbe
H T(H)

provedby inductionon # (o — ¢'), thenumberof stepsof H. O
H

3.2.2 Granularity Change

Beforestatingthemaintheoremwefirst proof atheoremwhichtells usaboutthecorrelationbetweeranhybrid automaton
‘H andits granularitychangedrersionwith respecto a PSL propertyP.

Theorem33 H,p = F iff AxH,Axpl=AxF

Proof: By inductionon thestructureof F. Herewe only considerthecaseF = OF;.



(H,p) EQF iff (H,p') E F forall p’ with suf(p’, p) [by definition]
iff (AxH,Axp") E AxF forall p' with suf(p’, p) [by hypothesis]
iff (AxH,p') = AxF forall p' with suf(p’, A % p)
[since{p1 | suf(p1, A% p)} = {A % py | sUf(p2, p)}]
iff (AxH,A*p) =O(A*F;) [by definition]
iff (AxH,Axp) = Ax(OF) [by definition]

andthis completeghe proof. O

Now we cometo themaintheoremwhich stateghe connectiorbetweerthediscretizationthe granularitychangeand
thetranslationfunction.

Theorem 3.4 (Main Theorem) Let#H bea hybrid automaton;r the translationfunctionand P a PSLformulawith no
nestedempoal operators. Then(H, p) = P iff (m(H), p) E 7(P).

Proof: Accordingto thedefinitionof I' andLemma3.2 we performadiscretizatiorstepwhich resultsin adiscretehybrid
automatonl’(#) suchthatT'(H) satisfiesthe samePSL formulasas# does. Note thatT'(H) is an automatorthatis
parameterizedvith §. In the next stepwe performa granularitychangeaccordingto Theorem3.3 with A = % This
resultsin anautomatori{’ = A x I'(H) thatsatisfiesA x P.

Thepurposeof H' wasto comeascloseaspossibleto 7 () suchthatmerelyasimpletransformatiorstepremainsto
beperformedn orderto achieve r(#). A % P is identicalto =(P) anyway (moduloparameterenaming). O

Summarizing: We have presente@methodo integratehybridautomatanto VSE-II. To achieve thiswe developed
atechniqueto exactly discretizea hybrid automatorandto changethe granularityof a hybrid automaton Moreover, we
shavedthattheright partof thediagramin Figure2 commutes.
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