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1 INTRODUCTION

It is well known thatin many casessevereerrorsoccurin theearlystagesof thesoftwaredevelopmentprocess.Following
this insight,considerableemphasiswasputon requirementsengineering.Formalmethodsprovidemeansfor theabstract
yet precisedescriptionof requiredsystemproperties.However, specializeddescriptiontechniquesareneededto treat
certainaspectsadequately. Moreover, complex systemsoftenmake it necessaryto coverseveralof theseviews.

Amongthemostcritical andmostdifficult (to describe)aspectsof systemsbehaviorsarerealtimeproperties.A major
problemin this arealies in the complexity of timing constraintsand the variety of situationsthat can appearin such
systems.It turnedout thattimedautomataor (linear)hybridautomataserveasacomprehensivemeanto expresstemporal
behavior.

VerificationSupportEnvironment(VSE) supportsabstractsystemspecifications,theformulationandproof of safety
andsecurityproperties,andrefinements.Theformal developmentmethodof VSE is basedon AbstractDataTypesand
TemporalLogic. The aim of the work presentedhereis to integratehybrid automataasa meansfor comprehensively
describingrealtimepropertiesinto theVSE methodwhereanabstractsystemspecificationservesasthestartingpoint of
a formal refinementprocess.Hybrid automata(translatedinto VSE)providearealtimeview onthesesystems.Additional
requirementsspecificationsrepresentingdifferentviewsof thebehavior canbe”link ed” to thesamespecification.

As runningexample,we usethewell-known gasburnerscenario.Theoverall safetyrequirementof thegasburneris
that the gasconcentrationshouldnot overtake a certaincritical threshold.For the sake of simplicity we abstractfrom
continuousmathematicsin theway thatwe do not considerthegasconcentrationbut the time unlit gasflows out of the
nozzleof thegasburner. For details,seethefollowing two sections.

2 VSE AND HYBRID AUTOMATA

In whatfollowswe presenttheVerificationSupportEnvironmentandthehybridautomatausedin our approach.

2.1 VSE-Verification Support Envir onment

In this sectionwe describeshortly the methodologyVSE-II is basedon. The VSE-II systemis a tool for the formal
developmentof softwaresystems.It consistsof a basicsystemfor editingandtypecheckingspecificationsandimple-
mentationswrittenin thespecificationlanguageVSE-SL,afacility to displaythedevelopmentstructure,atheoremprover
for treatingtheproof obligationsarisingfrom developmentstepsasfor examplerefinements,a centraldatabaseto store
all aspectsof thedevelopmentandanautomaticmanagementof dependenciesbetweendevelopmentsteps.

Comparedto VSE-I [4, 5], whichwasbasedonasimple,non-compositionalapproachfor statebasedsystems,VSE-II
[6] is extendedwith respectto comprehensive methodsin orderto dealwith distributedandconcurrentsystems[8] and
with respectto anevenmoreefficient anduniform proof supportwhich makesuseof implicit structuringof thearising
proof obligations. The basicformalism usedin VSE-II is closeto TLA (TemporalLogic of Actions) [7]. A refined
correctnessmanagementallows for anevolutionarysoftwaredevelopment.

VSE-II is basedon a methodologyto usethestructureof a givenspecification(e.g. parameterization,actualization,
enrichment,or modules)to distribute alsothe deductive reasoninginto local theories[9]. Eachtheoryis consideredas
anencapsulatedunit, which consistsof its local signatureandaxioms. Relationsbetweendifferenttheories,asthey are
given by the model-theoreticstructureof the specification,are representedby different links betweentheories. Each



theorymaintainsits own setof consequencesor lemmataobtainedby usinglocal axiomsandotherformulasincluded
from linkedtheories.

This methodof a structuredspecificationand verificationis reflectedin the centraldatastructureof a development
graph (seeFigure1), thenodesof which correspondto theunitsmentionedabove. It alsoprovidesa graphicalinterface
for thesystemunderdevelopment.

2.1.1 ConcurrentSystemSpecifications

Hugespecificationsarestructuredin severalsubcomponentswhich constitutethecompletesystemspecificationinclud-
ing the environmentspecification. In the descriptionof theseunits elementaryspecificationsanddifferent structuring
operatorsfor statebasedsystemsareused.

Elementary Specifications For the specificationof statetransitionsystemsa specificationlanguageclose to TLA
[1, 7, 2] is used.In additionto thetheoryof compositionaldevelopmentpresentedin [2], whichcoversthecompositionof
systemsusinginput andoutputvariables,sharedvariablesaresupportedby thestructuringoperatorsin VSE-II. Further-
moretheform of aspecificationof acomponent,alsodiscussedin [2], is ��������
	�	
	��
����	����������������SYS-STEPS�� ! �#"%$#��&�'(�
whereSYS-STEPSaretheactions(steps)madeby thesystem,)* is thestutteringindex, which containsflexible variables
of the system,������� is a predicatewhich holds initially, �����
	
	�	
�
��� arethe internalvariablesandFAIR standsfor the
fairnessrequirementsof thesystem.

Structuring of Specifications VSE-II providesoperatorsto structurestate-basedspecifications.We only focuson the
combine-operatorwhich modelsthe concurrentexecutionof components.Concurrency is modeledby consideringall
possibleinterleavingsof actionsof thecombinedsystems.Basicallya behavior + , which representsa sequenceof states
of the specifiedsystem,is a behavior of the combinedsystemif and only if it is a behavior of every componentof
the system.However, in orderto modelthe concurrentexecutionof, say , � and ,.- , by conjunction,we have to allow
environmentstepsin the (local) specificationsof , � and ,.- . In [2] environmentstepsaremodeledby stuttering. This
techniqueonly works for communicationby input-outputvariables,not in connectionwith sharedvariables. A more
generalapproach[9, 6] is to associatea “color” with eachcomponentandto markeachstepin a behavior by thecolor of
thecomponentwhich hasdonethestep.

2.1.2 StructuredDeduction

Structuringspecificationsasdescribedabovesupportsreadabilityandmakesit easierto editspecificationsin thattheuser
might uselocal notions. However, the systemexploits structurebeyond this purely syntacticallevel. Componentsof a
combinedsystemcanbe viewed assystemsin their own right wherecertainpartscanbe observed from outsidewhile
mostof theinnerstructure,includingtheflow of controlandlocal programvariablesarehidden.

In particularwe canprovepropertiesof acombinedsystemin a modularway. Thismeansthatweattachlocal lemma
basesto componentswherelocal proofsareconductedandstored.Exchangeof informationbetweenlemmabasesis on
demand.Thisapproachhastwo mainadvantages:First,thegivenstructureof thespecificationis usedto reducethesearch
spacein thesensethatlargepartsof theoverallsystemarenotvisibleandsecond,storingof proofslocal to certainlemma
basesandmakingtheexportandimportof information(betweenlemmabases)explicit supportstherevisionprocess.

2.1.3 TheGasburner in VSE-II

Thedevelopmentgraphof thegasburnerin VSE-II is shown in Figure1. It consistsof theabstractdatatypedefinitions
natural anddefinition andof the temporallogic specificationsgasburner andsafety. The centralpart of
thespecificationis therealizationof thegasburner:

TLSPEC gasburner
PURPOSE "Specification of the gasburner. "
USING definition
DATA OUT x, y, t : nat

OUT state : state_t
ACTIONS
phi_1 ::= state = leaking AND state’ = non_leaking AND

x’ = 0 AND UNCHANGED(y, t)



Figure1: Developmentgraphof thegasburnerspecification

phi_2 ::= state = non_leaking AND state’ = leaking AND
x >= 30 * c AND x’ <= c AND x’ = 0 AND UNCHANGED(y, t)

phi_1_star ::= state = leaking AND state’ = non_leaking AND
NOT x + 1 <= c AND x’ = 0 AND UNCHANGED(y, t)

psi_1 ::= state = leaking AND state’ = leaking AND
x + 1 <= c AND y’ = y + 1 AND
x’ = x + 1 AND t’ = t + 1

psi_2 ::= state = non_leaking AND state’ = non_leaking AND
x’ = x + 1 AND y’ = y + 1 AND UNCHANGED(t)

SPEC INITIAL x = 0 AND y = 0 AND t = 0 AND state = leaking
TRANSITIONS [phi_1, phi_2, phi_1_star, psi_1, psi_2]

{x, y, t, state}
FAIRNESS WF(phi_1_star) {x, y, t, state},

WF(psi_1) {x, y, t, state},
WF(psi_2) {x, y, t, state}

SATISFIES Safety
TLSPECEND

Thespecificationusessymbolicvaluesto expresstime bounds(c). This specificationtechniqueresultsin thefollowing
properties:Themodelhasdiscretetimeanddifferentresolutionsof thesystemcanbeexpressedby interpretinghindsight
the symbolic limits of the incrementationof the variablesaccordingto their constraints. In this way we are able to
approximatea continuousbehavior arbitrarily precise.

2.2 Hybrid Automata

HybridSystems[3] arereal-timesystemsthatareembeddedin analogenvironments.They containdiscreteandcontinuous
componentsandinteractwith the physicalworld throughsensorsandactuators.Sincethey typically operatein safety-
critical situations,thedevelopmentof rigorousanalysistechniquesis of high importance.

A commonmodelfor hybridsystemscanbefoundin hybridautomata. Briefly, suchhybridautomataarefinite graphs
whosenodescorrespondto global states.Suchglobal statesrepresentgeneralobservationalsituations,as,for instance,
“the heateris on” or the“the heateris off ”. During theseglobalstatessomecontinuousactivity takesplace.For instance,
thetemperaturemight riseor fall continuouslyaccordingto a dynamicallaw until a transitionfrom onenodeto another
occurs.

Thesetransitionsareusuallyguardedwith someconstraintformula that is requiredto hold if the transitionis to be
taken. Moreover, they areannotatedwith a generalassignmentthatis responsiblefor thediscreteactionto beperformed
by takingthetransition.

Similarly, nodeshave someattachedconstraintformula that describesan invariant for this very node, i.e., some
propertythathasto betruewhile thesystemresideswithin thisnode.Thedynamicsof thesystem’sbehavior, ontheother
hand,is givenby a descriptionof how thedatachangeswith time.

In whatfollows,weformally describewhatahybridautomatonis, i.e.,weformally definetheirsyntaxaswell astheir
semantics.



2.2.1 Syntax

WeassumeasetCT of ConstraintTermsoverafixedvariableset/ asthesmallestsetcontaining/ , real-valuedconstants,
and,moreover, which is closedunderaddition,subtraction,andmultiplicationwith real-valuedconstants.

The setof CF of Constraint Formulas(over the variableset / ) is definedas the smallestset that is closedunder
conjunctionandcontains0 (truth) and 1 (falsity)aswell asall atomsof theform 2
��342 - , 2
�6572 - , 2
�6892 - , 2
�6:72 - , and2
�#;42 - , where2
� and 2 - areconstrainttermstakenfrom CT.

Suchconstrainttermsand formulasare a necessaryprerequisitefor the formal descriptionof the hybrid systems
themselves.

Definition 2.1(Hybrid Systems)Hybrid Systemsaretuplesof theform ��/<�>=��
?@� dif � inv � guard� act' , where / is a finite
setof real-valueddatavariables, = is a finite setof locations, i.e., nodesof a graph, ?BAC=EDF= is a finite (multi)setof
transitions, dif GH=BDI/KJL CT is a mappingthatassociateswith each locationandeach datavariablea constraint term,
representingthe change of the datavariablewithin this locationover time, inv GM=NJL CF is a mappingthat associates
with each locationa constraint formula,representingthelocationinvariant,guardGH?<JL CF is a mappingthatassociates
with each edge a constraint formula (with free variablestaken from / ), representingthe enablingcondition for that
transition,andact GH?FDO/PJL CTis a mappingthat representsthediscreteactionto bepeformedby takingthetransition.

As alreadynotedearlier, we illustratehybrid systemsasgraphs. As an exampleconsideragainthe “Leaking Gas
Burner” from above.

Q�R;TSQU ;VSQ2W;TS�F:XS
Q�R;TSQU ;VSQ2@;ZY0

Leak Non-Leak[F\^]7_a`�b \ ] _ `c \d]7_ 0Tef�<Gg;hY
�i57jkYlem�FGn;BY

Theabove hybrid systemdescribesthe following behavior. It startsat locationLeakwith datavariablesall setto 0.
Within thelocationsthevalueof thedatavariablesincreaseby 1 everysecond(sothey all representclocks). Thereis one
exception,however, theclock 2 hasslope0 in locationNon-Leak,thereforeit is actuallystoppedthere.

ThesystemleaveslocationLeaklatestafteronesecondandresets� to 0. Similarly, it remainswithin Non-Leakfor
at least30 secondsandreentersLeakafterhaving reset� to 0 again.

Theclock � , therefore,actsasacontrolvariable,U accumulatesoverall timeand 2 countsleakagetime(theamountof
time thesystemresideswithin Leak).

2.2.2 Semantics

We definea stateof a hybrid systemasa pair �po#�rq�' where ohsF= is a locationand q�GM/KJLut is a valuationof thedata
variables.q naturallyextendsto (constraint)termsand(constraint)formulas.

Giventwo states+v;w�xo#�yq�' and +�z.;w�po{zp�rq�z|' we saythat +�z is transition-reachablefrom + – denotedby + trJL}+�z –
if thereexistsa transition~h;N�xo#�yo�zd'#sI? with sourceo andtarget o�z , andboth q�� guard�p~�'>' and q�z�����'{;Xq�� act�p~#�>��'>'
for each�<sR/ . In otherwords, + z is transition-reachablefrom + (via transition~ ) if thecorrespondingguardis trueand
thevaluationof thedatavariablesin +�z is changedaccordingto thediscretetransitionaction.

Wecall +�z timely-reachablefrom + with delay � – denotedby +��JL�+�z , where� is anon-negativerealnumber– if o�;o�z andfor each�Fs�/ thereexistsadifferentiablefunction �m��G�� YM�
����JL�t , with thefirst derivative
Q�m�@G.�pYM�
��'@JL�t , such

that(1) �m�H�xY�'�;Vq�����' and �m�H�p��'�;Vq�z�����' and(2) for all ��svt with YR8C��8h� : both inv �xo{'
� � ��� �m�f�m�p�('(��	
	
	
�>� ��� �m�����p�('��
and

Q�m�H�x�r'{; dif �po#�
��'
� � ��� �m�f���x�('(�
	�	
	��>� �M� �m�����x�('�� aretrue.+�z is timely-reachablefrom + – denotedby +P�JL�+�z – if it is timely-reachablefrom + with delay � for some� .+�z is saidto bereachablefrom + with respectto � , +iJL �E+�z , if �x+��
+�z�'�s����JL�� trJL9'
� .
A run � of � with initial state+M��; �po��k�rqM�f' is a sequenceof statesrepresentedas �<;¡+M��JL�¢�£¤ £ +��¥JL�¢ �¤ � + - JL�¢�¦¤ ¦+M§¨JL ¢�©¤ ©«ª�ª
ª where 2�¬OsVt{­ � and ��¬�GW� YM�>2�¬���JL®��/¯JL°tW' , suchthat �m¬>�xY�'�;�q�¬ , inv �po{¬�'
� / � �m¬���2>'
��/¨'±� holds for allYO:²2³:²2 ¬ , �po ¬ �r� ¬ �p2 ¬ '
' trJL´+ ¬dµ � andfor all YO:72�z�:72�z�¶²�·:72 ¬ GM�xo ¬ �r� ¬ �p2�z|'>'7�JL¸�xo ¬ �y� ¬ ��2�za¶²��'>' .
Givensucha run � , we call thestate+M� thestartingstateof � anddenoteit by start�p�¹' . Thesetof all runsof a hybrid

system� with initial state+ is denotedby runs�|�¨�
+º' .
A position » of a run �R;V+M��JL�¢�£¤ £ +��6JL�¢ �¤ � + - JL�¢�¦¤ ¦ + § JL�¢ ©¤ © ª�ª
ª is a pair »�;w��¼r�>½�'6sv¾EDit suchthat Y�:C½¿:h2 ¬ .

We denotethesetof positionsof a run � aspos���%' . Positionsareorderedlexicographically, i.e., �p¼y�
½�'³8C�ÁÀk�rÂf' if andonly



if ¼·8EÀ or ��¼Ã;TÀ and ½¨8wÂf' . Also, ��¼r�>½�'O:Ä�dÀ��yÂf' if andonly if ��¼r�>½�'O8Ä�dÀ��yÂf' or ��¼Ã;NÀ and ½i;ÅÂf' . By ���p».' with»i;T��¼r�>½�' wedenotethestate �po ¬ �r� ¬ �p½m'
' .
Givena run �l;V�xo@�k�rq��f'�JL�¢�£¤ £ �xo��m�yq���'�JL�¢ �¤ � ª�ª
ª , an ¼@54Y , anda 2 with YO:92�:72 ¬ , we definethesuffix of � , starting

at �po{¬>�r�m¬>�p2>'>' as �po{¬��y��¬
�p2>'>'�JL ¢�Æ�Ç�¢¤�ÈÆ �po{¬dµ � �rq�¬Áµ � '�JL ¢ ÆdÉ �¤ ÆdÉ � �po{¬dµ.-k�rq�¬Áµº-f'�JL ¢ ÆdÉ�¦¤ ÆdÉ�¦ ª
ª�ª , where ��z¬ ��2�z|'�;C�m¬>�p2.¶�2�z|' . By suf���aÊx�
�¹'
we indicatethat �aÊ is a suffix of � .

Within hybrid systems(automata)datavariableschangeboth continuouslyanddiscretely. The changeis given by
somerationalnumberwheretheunderlyingbaseunit is in generalneglected.Nevertheless,we usuallyhave certainbase
units in mind whenwe specifysystems.,However, theremight bea needfor switchingthebaseunit, for examplefrom
secondsto milliseconds.Thefollowing describeshow sucha changeof thebaseunitshasto beperformedformally.

Definition 2.2(Granularity Change) Givena Constraint Term Ë wedefinethegranularitychangeof Ë by Ì asÌ4Í��R;B� for �FsI/ Ì4Í���¼�Î{��'�;B¼�Î{� for �FsI/i�
¼@sI¾Ì4Í�¼�;hÌEÎ�¼ for ¼�sF¾ Ì4Í���2 � ¶�2�-�'{;BÌZÍ�2 � ¶²Ì4Í�2�-
For Constraint Formulas Ï “ Í ” distributes in an natural way and leavesformulasas � state ; l ' unchanged. For�Ð;u�p/i�>=��>?@� dif � inv � guard� act' , somegivenhybrid automaton,we define ÌTÍ·�Ð;}��/i�
=��>?�� dif � inv z � guardz � actz�'
where inv z �pÑx'6;NÌXÍ inv �pÑx' , guardz �xÒm'�;ÓÌhÍ guard�pÒm' , andactzx�xÒm'�����'6;ÓÌhÍ act�pÒm'
����' .We moreover extendthenotion
of granularity change to runsas follows: Given �¨; �pÑ � �yq � 'ÃJL ¢ £¤ £ �pÑ � �yq � 'ÃJL ¢ �¤ � �pÑ|-k�yq�-f' ª
ª�ª . Then ÌCÍ�� is definedas�pÑ � �yÌiÍWq � '{JL�Ô � ¢�£Ô�Õ ¤ £ �xÑ � �rÌFÍ@q � '�JL²Ô � ¢ �Ô�Õ ¤ � �pÑ|-��yÌiÍWq�-�' ª
ª�ª , where �xÌiÍW�m¬�'���Ì�Î�2>'�;CÌiÍW�m¬
��2>' and �xÌiÍWq�¬±'��p��'�;CÌCD·q�¬
�p��' .
For PSLformulasÏ wefinally haveÌ<Í��xÖ � �ÃÖ�-f'@;CÌ<ÍWÖ � ��Ì<Í@Ö�- , Ì<Í���×�Ö�'@;h×³��Ì<ÍWÖ�' and Ì<Í#����Ö�'�;T����Ì<ÍWÖ�' .
2.2.3 PropertySpecifications

In what follows we describethesyntaxandthe semanticsof the (linear temporallogic) propertyspecificationlanguage
(PSL)we utilize in this work. Thegeneralscenarioshown in Figure2 indicatesthatPSLandVSE-SLin a sensecorre-
spond.

Syntax and Semanticsof PSL Any constraintformula ÖÓsIØ�Ï is a formulaof PSL.If Ö and Ù areformulasof PSL,
thensoare Ö«��Ù and Ö«Ú�Ù . Also, if Ö is a formulaof PSL,thensoare �{Ö and ÛÃÖ . TheexpressionÂ�2�Üa2�Ò�;hÑ is aPSL
formula,whereÑ�s�= and Â
2�Üa2�Ò is a specialvariablenot occurringin / .�|�<�y+º'#e ;BÖ iff �|�¨�>�%'#e ;BÖ for all �¿s runs�|�¨�
+º'�|�<�
�¹'�e ;CÂ�2�Ü�2�Ò�;ZÑ iff start���%'�;T�xÑ��rq�' for someq�|�<�
�¹'�e ;B2 �@Ý 2�- iff q���2 � ' Ý q���2�-f' where2 � �>2�-�sRØ�Ë andstart���%'@;T�xÑ��yq�'�|�<�
�¹'�e ;hÖZ�RÙ iff �|�¨�>�%'#e ;BÖ and ���<�>�%'�e ;hÙ�|�<�
�¹'�e ;hÖZÚRÙ iff �|�¨�>�%'#e ;BÖ or ���<�>�%'#e ;BÙ�|�<�
�¹'�e ;T�{Ö iff �|�¨�¹)�%'#e ;BÖ for every )� with suf��)���>�%'�|�<�
�¹'�e ;XÛÃÖ iff �|�¨�¹)�%'#e ;BÖ for some )� with suf��)���>�%'
3 INTEGRATING HYBRID AUTOMATA IN VSE-II

Our aim is to embedlinear hybrid automatainto the VSE-II framework. Figure 2 illustratesthe situation. Start-
ing point is the specificationof the behavior of a systemwith specialintereston realtimeusing a hybrid automaton
Hybrid-AutSpec as indicatedin Figure 2. Propertiesthat shouldbe satisfiedby this automatonare specifiedin
Hybrid-PropSpec. Theideais to translatethehybridautomatonspecificationinto aVSE-SLspecification.Fromthis
translatedspecification,we wantto provethatthepropertiesdescribedin VSE-PropSpec hold. A partof theseproper-
tiesis createdby translatingthepropertiesin Hybrid-propSpec into VSE-SLproperties.Theproof of theproperties
canbeperformedin theVSE-II tool. Theproofcouldequallybedonewith thehelpof a tool supportinghybridautomata.
In that casewe canguarantee(seeTheorem3.4) that the translatedVSE-SL specificationalsofulfills the property. An
advantageof suchamethodis theintroductionof afully automaticmethodfor thehandlingof realtimesystemsin VSE-II.
As canbe seenin Figure2 we have to definethe satisfiesandthe translationrelationbetweenthe givenspecifications.
Satisfiesin bothcasesmeansmodelinclusionsemantically. In theVSE-II settingthis is expressedby a satisfieslink in
the realspecificationascanbeseenfor examplein Figure1. In thehybrid automatonsettingthesatisfieslink indicates
that thehybrid automatonfulfills thespecifiedproperty. How this is implementedis not our mainconcernat this point,
though.
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Figure2: Relation:VSE-Hybrid Automata-specification

3.1 Definition of the Translation Function

Thetranslationfunction is dividedinto threecasesaccordingto thesystemwe aredealingwith. Thesystemis a hybrid
automatontogetherwith a definitionof an initial stateanda descriptionof propertiesof theautomaton.The translation
hasto bedefinedfor all of thesethreeparts.We begin by definingthetranslationof propertiesof ahybridautomaton.

3.1.1 TranslationFunction

Sincethe hybrid systemsasintroducedin 2.2 did not have an explicit initial location,we have to extendthe definition
in that way. We thusassumea set ¼�Þ�¼�2 of pairsof type �xß�à³�
o�' eachrepresentingan admissibleinitial locationwith a
predefinedvariablevaluation.Thedefinitionof thetranslationis dividedinto thetranslationof ¼�Þ�¼�2 , thetranslationof the
continuousactionsandthetranslationof thediscreteactions.

Weusethesymbol » to namethetranslationfunction.As canbeseenin thenext definitionsweoverloaded» in order
to makethedefinitionsmorereadable.It will alwaysbeclearfrom thecontext which » is meant.

As for contrainttermsandconstraintformulaswe define » as: »@��0�' 	; TRUE and »@��1�' 	; FALSE, »@��2 � Gg;N2�-�' 	;»@��2 � '�;Z»@�p2�-�' , and »@�xÒf' 	;Bá@Î�Ò , where á is anew constant.In all othercases» simply distributesover theoperatorsand
functionsymbols.

For instance:»@���i:CS�' 	;B�F:7á and »@�pj�Î{�O¶²â�: U ' 	;Bj�Î{�¥¶9â#Î�á�: U
Definition 3.1 Let ¼�Þ�¼�2 be a oneelementset consistingof the pair �x���yÑx' , let ���>�����
	�	
	��>��� data variablesand Ñ��yÑp���
Ñ -
locations. »@�±ãa�����
Ñ�'räf' 	; »@�x��'º�IÂ�2�Üa2�Ò�;hÑq å æç^è �ré è ¦>ê±ëkì

í Â�2�Üa2�Ò�;BÑp���IÂ�2�Üa2�Òfz�;BÑ - �R»@� guard�
�pÑp���
Ñ - '>'H�î� ëkï �p� z ;B»@� act�>�xÑp�m�yÑ - '(�
��'
'>'��¨��»@� inv �xÑ - '
'>'�� ��� � � z � ��	
	�	
�>��� � � z� �Áð
q��ñå æç^è �(é è ¦>ê±ëkì

í Â�2�Ü�2�Ò�;BÑp���IÂ�2�Üa2�Òfz�;ZÑ - ��»@� guard�
�pÑp���
Ñ - '>'H�×³��»@� inv �xÑ � '
'>'
� � ��� � � ¶²òk¼����xÑ � �>� � '��
	
	�	
�
� ��� � � ¶�ò�¼����pÑ � �
� � '±�f�î� ëkï ����z�;Z»@� act�>�pÑp�m�
Ñ - '(�>��'>'
'��v��»@� inv �xÑ - '>'
'�� ��� � ��z� ��	
	
	
�>��� � ��z� � ð
ó å æè ëkô

í Â�2�Üa2�Ò�;BÑH�IÂ�2�Üa2�Òfz�;ZÑ�� î� ëkï ����z�;B�¥¶²òk¼����pÑ>�>��'>'H���»@� inv �pÑx'
'>'
� ��� � ���@¶²òk¼����xÑ��>���('(��	
	�	
�>��� � ����¶²ò�¼±���xÑ��
���H'�� ðÂ�2±õ�2±2�Ò�½f¼�Þ�ö å î� ëkï � z ;B�
Nowthetranslationof a hybridautomatonincludingan initial conditionis givenby: »@���<�>¼�Þ�¼�2>' 	;Z»@�p¼�Þ�¼�2>'��<����q�Ú ó ÚÂ
2±õ�2±2�Ò�½f¼�Þ�öH' , a formulain VSE-SLnormalform.

Translation of Locations In thetranslationdefinition,thelocationsof thehybridsystemareusedasenablingconditions
for theVSE-SLactions.Furthermorethey indicatethechangeof alocation.Theseenablingconditionsareneededbecause
of thetranslationof certainfairnessconstraintsthatareimplicitly assumedin anhybridsystem.



Treatment of Fairness The treatmentof fairnessis divided into two cases.First, all the translationsof continuous
actionsfrom a hybrid systemhave to be fair. This is becausetime is assumednot to stopin a hybrid automaton.Every
disjunctive part (action)of

ó
is assumedto be executedin a fair manner. Thereforewe imposeweakfairnesson every

disjunctof
ó

.
Thesecondcaseis concernedwith thehandlingof discreteactions.In this situationwe maynot imposefairnesson

every discreteactionin the VSE-SL translationsincenot every discreteactionin a hybrid systemis executedfairly. A
hybrid systemmay perpetuallystayin oneof its locations– provided it doesnot violate the correspondinginvariant–
without taking a discreteactionalthoughthe guardis satisfiedinfinitly many times. The Þº÷fÞ ÑxÒ�Ü%ø¹¼�Þ�ö locationin the
gasburnerexampleis of this kind. We arenot allowedto requirefairnessof thediscreteactionin suchsituations.On the
otherhandwearealsonot allowedto omit thefairnessconstraintson thediscreteactionsin general.

Onepossiblesolution to this problemwould be to collect all the actionsof a systemin oneactionand to require
weakfairnessfor this very action.Thesolutionwe suggest,however, distinguishesbetweenthoseactionsthathave to be
executedin a fair mannerfrom thosethatdon’t. This distinctionis alreadypartof thetranslation(seeDefinition3.1).

Thetranslationof a hybrid automatonis representedby thefollowing formula: »@���<�>¼�Þ�¼�2>' 	;E»@��¼�Þ�¼�2>'º�«�6�xqlÚFq���Úó Ú�Â�2±õ�2±2�Ò�½f¼�Þ�ö%'��«àÃù�úaû¥��q���'{�«àÃù�úaûO� ó ' where àÃù�ú�ûO��	�	
	g' standsfor the applicationof weak fairnesson all the
disjunctivepartsof theargumentformula.

3.2 Main Theorem

After thedescriptionof thetranslationfunctionwepresentthemaintheoremof ourapproachwhichstatesthecorrectness
of the translationfunction » andthediscretizationstep.Oneof theoutcomesof this theoremis that thediagramshown
in Figure2 commutes.Beforestatingthetheorem,however, wefirst givesomepreliminariesneededfor theproof. These
cover thediscretizationtechniqueaswell assomeinterestingpropertiesof thegranularitychangefor hybridautomata.

3.2.1 Discretization

Hereweshow how wediscretizehybridautomata.Thediscretizationstepresultsin aparameterized( � ) hybridautomaton
suchthatthefinal outcomeis anexactapproximation.

Given a hybrid automaton� with �ü;ý�p/i�>=��>?@� dif � inv � guard� act' and /þ;uã�� � �
	
	�	
�
� � ä we define ÿ{�|��'�;��/i�
=��>?���?�zp� dif z � inv z � guard � guardz � act � actz|' , where ?�z¥;�� è ë�� Ñ�D²Ñ , dif z �pÑx'
����'<;�Y for all ÑIs = , �¡sw/ ,
inv z �pÑ�'7;¯0 for all Ñ²s�= , actzx�
�pÑ��yÑx'
'�����'Z; ��¶ dif �xÑx'
����'�ÎO� for all �pÑ��yÑx'hsP?.z , ��sP/ and guardz �>�xÑ��
Ñ�'>'4;
inv �xÑx'�� ��� � actzx�xÑx'��p����'(��	
	
	��>��� � actz��pÑ�'��p���M'±� The resultof ÿ{�|��' increasesthe datavariablesby multiplies of � . However
our aim is to have an increaseby multiplesof S . We achieve this by multiplying eachconstantwith Ì´; �� which is
illustratedin section3.2.2

The following lemmais neededin Theorem3.4. It saysthata hybrid automatonandthe ÿ -transformedautomaton
satisfythesameproperties.

Lemma 3.2 ���<�
+º'�e ;T�{Ö if f �pÿ{�|��'��
+º'#e ;T�{Ö for every � and Ö containsno furthertemporaloperator���<�
+º'�e ;XÛÃÖ if f �pÿ{�|��'��
+º'#e ;XÛÃÖ for some� and Ö containsno furthertemporaloperator

Proof: Theproof follows immediatelyfrom the fact that + � JL � +�- if f + � JL��� �	� +�- for some�Is�
 which in turn canbe

provedby inductionon �R�p+iJL �X+�z|' , thenumberof stepsof � . �
3.2.2 Granularity Change

Beforestatingthemaintheoremwefirst proofatheoremwhichtellsusaboutthecorrelationbetweenanhybridautomaton� andits granularitychangedversionwith respectto aPSLproperty Ö .

Theorem3.3 �<�
��e ;ZÏ iff ÌZÍ#�<�yÌ4Í��Re ;hÌ4Í�Ï
Proof: By inductionon thestructureof Ï . Herewe only considerthecaseÏÓ;E�{Ï � .



���<�>�%'�e ;V�{Ï � if f �|�<�
�az|'�e ;ZÏ � for all �¹z with suf���¹zp�
�¹' [by definition]
if f �xÌZÍ#�<�yÌZÍ��az�'�e ;hÌZÍ�Ï � for all �az with suf���¹z��>�%' [by hypothesis]
if f �xÌZÍ#�<�>�¹zÁ'�e ;hÌ4Í�Ï � for all �¹z with suf���¹zp�rÌ4Í��%'

[since ã�� � e suf�p� � �yÌ4Í��¹'(ä6;EãmÌ7Í��¹-�e suf�p�a-k�>�%'rä ]
if f �xÌZÍ#�<�yÌZÍ��¹'�e ;T����Ì4Í�Ï � ' [by definition]
if f �xÌZÍ#�<�yÌZÍ��¹'�e ;CÌ7Í��>��Ï���' [by definition]

andthis completestheproof. �
Now wecometo themaintheoremwhichstatestheconnectionbetweenthediscretization,thegranularitychangeand

thetranslationfunction » .

Theorem3.4(Main Theorem) Let � bea hybrid automaton,» the translationfunctionand Ö a PSLformulawith no
nestedtemporal operators. Then �|�¨�>�%'�e ;hÖ iff ��»@����'(�
�¹'#e ;B»@�pÖ�' .
Proof: Accordingto thedefinitionof ÿ andLemma3.2weperformadiscretizationstepwhichresultsin adiscretehybrid
automatonÿ{�|��' suchthat ÿ{�|��' satisfiesthe samePSL formulasas � does. Note that ÿ�����' is an automatonthat is
parameterizedwith � . In the next stepwe performa granularitychangeaccordingto Theorem3.3 with Ì´; �� . This
resultsin anautomaton��z�;BÌZÍ�ÿ�����' thatsatisfiesÌZÍ�Ö .

Thepurposeof � z wasto comeascloseaspossibleto »@�|��' suchthatmerelyasimpletransformationstepremainsto
beperformedin orderto achieve »@����' . Ì7Í�Ö is identicalto »@�pÖ�' anyway(moduloparameterrenaming). �

Summarizing: Wehavepresentedamethodto integratehybridautomataintoVSE-II. To achievethiswedeveloped
a techniqueto exactly discretizea hybrid automatonandto changethegranularityof a hybrid automaton.Moreover, we
showedthattheright partof thediagramin Figure2 commutes.
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