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ISSUESISSUES

• History of logic (a famous example) 

• More expressive logics for NL representations

• Handling these logics for proving

• A glimpse on the state-of-the-art in logics

• Useful for modern philosophy

• Media interest (rare for technical issues)
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IN A NUTSHELLIN A NUTSHELL

Techniques

• Advanced proof techniques required 

(higher order, modal logic)

• Progress in use of logics obtained

Media interest 

• Germany: Spiegel Online, FAZ, Die Welt, …

• International: Austria, Italy, India, US, …
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HISTORICAL BACKGROUNDHISTORICAL BACKGROUND

Ontological argument

• Deductive argument (for the existence of God) 
• Starting from premises, justified by pure reasoning

Rich history of ontological arguments 

• Pro: Descartes, Leibniz, Hegel, Gödel, …
• Against: Th. Aquinas, Kant, Frege, …

Gödels notion of god

"A God-like being possesses all positive properties" 
-> 

"(Necessarily) God exists"

proved by Gödel on two hand-written pages
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Helmut Horacek Inferences in AI and CL

Reasoning about Arguments

God is an entity of which nothing greater can be conceived (Anselm)
existence in the actual world would make 
such an assumed being even greater 

Leibniz: the assumption should be derivable from the definition of God 

Gödel explicitly proves that God’s existence is possible
Gödels axioms considered too strong
Ongoing philosophical debate
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GÖDEL'S HAND-WRITTEN PROOFGÖDEL'S HAND-WRITTEN PROOF
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SCOTT'S VERSION OF GÖDEL'S SCOTT'S VERSION OF GÖDEL'S 

AXIOMS, DEFINITIONS AND THEOREMSAXIOMS, DEFINITIONS AND THEOREMS
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Important results
Inconsistency in Gödel’s axioms previously unknown

first found by a machine (2013)
Fully automated proof (of Scotts version) of God’s existence 

first by Leo-II in 2016 (2,5 sec)

Issues and tendencies
Proposing/discussing different axiomatizations

Making them provably accessible by simpler logics

Checking the validity of metaphysics arguments

Providing interfaces/logical frameworks

DFKI Language Technology SS 2020



PROOF OVERVIEW PROOF OVERVIEW 

(IN NATURAL DEDUCTION STYLE)(IN NATURAL DEDUCTION STYLE)
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ONE PROOF STEP IN DETAIL ONE PROOF STEP IN DETAIL 

(IN NATURAL DEDUCTION STYLE)(IN NATURAL DEDUCTION STYLE)
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PROOF DESIGNPROOF DESIGN

State-of-the-art

• No prover for higher order modal logic exists 
• Several (increasingly better and coordinated) provers for higher order logic exist

(interactive and automated ones)

Overall strategy 

• Embedding in higher order classical logic
(based on experience with embedding first-order modal logic in higher order logic)

• Making use of higher-order logic theorem provers
• Interactive proof oriented on human-designed natural deduction proof

Assessment

A fully automated proof may be possible in about 3 years (2013)
Benzmüller
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EMBEDDING IN HIGHER-ORDER LOGICEMBEDDING IN HIGHER-ORDER LOGIC
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Example for embedding modal logic (operators)

 

Getting [] transformed, followed by simplifications  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to related prior work. The presentation in this section is taken and adapted
from a recently published related article [24, §1.1]; readers already familiar
with the SSE approach may simply skip it, and those who need further
details may consult further related documents [7, 4].

Earlier papers, cf. [4] and the references therein, focused on the de-
velopment of SSEs. These papers show that the standard translation
from propositional modal logic to first-order logic can be concisely mod-
eled (i.e., embedded) within higher-order theorem provers, so that the
modal operator 2, for example, can be explicitly defined by the �-term
�'.�w.8v.(Rwv ! 'v), where R denotes the accessibility relation asso-
ciated with 2. Then one can construct first-order formulas involving 2'

and use them to represent and proof theorems. Thus, in an SSE, the target
logic is internally represented using higher-order constructs in a proof assis-
tant system such as Isabelle/HOL. The first author, in collaboration with
Paulson [7], developed an SSE that captures quantified extensions of modal
logic (and other non-classical logics). For example, if 8x.�x is shorthand in
higher-order logic (HOL) for ⇧(�x.�x), then 28xPx would be represented
as 2⇧0(�x.�w.Pxw), where ⇧0 stands for the �-term ��.�w.⇧(�x.�xw),
and the 2 gets resolved as described above.

To see how these expressions can be resolved to produce the right rep-
resentation, consider the following series of reductions:

28xPx ⌘ 2⇧0(�x.�w.Pxw)
⌘ 2((��.�w.⇧(�x.�xw))(�x.�w.Pxw))
⌘ 2(�w.⇧(�x.(�x.�w.Pxw)xw))
⌘ 2(�w.⇧(�x.Pxw))
⌘ (�'.�w.8v.(Rwv ! 'v))(�w.⇧(�x.Pxw))
⌘ (�'.�w.⇧(�v.Rwv ! 'v))(�w.⇧(�x.Pxw))
⌘ (�w.⇧(�v.Rwv ! (�w.⇧(�x.Pxw))v))
⌘ (�w.⇧(�v.Rwv ! ⇧(�x.Pxv)))
⌘ (�w.8v.Rwv ! 8x.Pxv)
⌘ (�w.8vx.Rwv ! Pxv)

Thus, we end up with a representation of 28xPx in HOL. Of course, types
are assigned to each term of the HOL language. More precisely, in the
SSE presented in Fig. 1, we will assign individual terms (such as variable
x above) the type e, and terms denoting worlds (such as variable w above)
the type i. From such base choices, all other types in the above presenta-
tion can be inferred. While types have been omitted above, they will often
be given in the remainder of this article.



COURSE OF THE PROOFCOURSE OF THE PROOF

Subproof Prover responsible

Checking consistency Nitpick (model checker) 
Checking consistency Gödels original definition of D2 LEO II (ATP)
Proving T1 (positive properties ev. exemplified) is a theorem LEO II (ATP)
Proving C (possibly, God exists) is a theorem LEO II (ATP)
Proving T2 (being God-like is an essence …) is a theorem LEO II (ATP)
Proving T3 (necessarily God exists) is a theorem LEO II (ATP)
Proving C2 (necessarily God exists) is a theorem LEO II (ATP)
Checking axioms are consistent Nitpick (model checker)
Checking Gödels original axioms are inconsistent LEO II (ATP)
Checking modal collaps LEO II (ATP)
Checking "flawlessness of God" LEO II (ATP)
Proving Monotheism TPS (ATP)
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Main Findings

The axioms and definitions in Scotts formulation are consistent
A simpler logic is sufficient to prove sub theorems
A modal logic is needed to prove the main theorems 

(thus disproves some criticism on Gödel’s formalization)
Only the main theorems is challenging for theorem provers
Gödel’s original version is inconsistent (definition of essence)
Gödel’s axioms imply modal collapse (φ ⊃ []φ)

contingent truth implies necessary truth
(can even be interpreted as an argument against free will); 

Gödel’s axioms imply monotheism
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CRITICISM & OUTLOOKCRITICISM & OUTLOOK

Problematic assumptions

• Everything that is the case is so necessarily. ∀P.[P → �P] 

(follows from T2, T3, D2, proved by higher order ATPs)
Then everything is determined, there is no free will …

• Either a property or its negation is positive
in the morale sense, according to Gödel

Results 

• Powerful infrastucture to reason in higher-order modal logic
• Several insights about the strength of logics needed or not needed
• Difficult benchmark problems for higher-order theorem provers
• Major step towards computer-assisted theoretical philosophy
• Further ontological arguments to be tested (in particular, related to Gödel)

(see http://page.mi.fu-berlin.de/cbenzmueller/, link presentations)
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STATE OF AFFAIRS OF THEOREM PROVERSSTATE OF AFFAIRS OF THEOREM PROVERS

Capabilities

• Occasional success with proofs of prominent theorems 
(usually tedious and extremely longish, but first known formal result)

• Some specialized provers 
(taxonomic reasoners, equation provers)

• Considerable progress in efficiency recently

Variety of uses 

• Remote access to several ATPs (first-order, higher order)
• Calling several (distinct) provers in parallel (hoping at least one succeeds)
• Combining reasoning techniques (proving + computer algebra)
• Interactive proving (adding control for the prover, software verification)
• Proof planning – provers supported by proof schemas that encapsulate knowledge
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